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ENERGY TRANSFER FROM A LIQUID TO 

GAS BUBBLES FORMING AT A SUBMERGED ORIFICE 

By 

M.R. L'Ecuyer and S.N.B. Murthy 

ABSTRACT 

An experimental and analytical investigation was conducted 
for determining the rate of energy transfer from a relatively hot 
liquid to a relatively cool gas injected into the liquid through 
a submerged orifice, resulting in the periodic formation of dis- 
crete gas bubbles at the orifice. A preliminary investigation 
indicated that a significant amount of energy transfer occurs 
during the time of formation of the bubbles. Consequently, the 
investigation reported herein is concerned with the determination 
of the energy transfer from the liquid to the gas bubbles during 
the period of formation of the bubbles at the orifice. 

Experiments were conducted with dry nitrogen gas injected 
into distilled water and ethyl alcohol. The dry nitrogen gas 
was injected through single orifices having diameters of 0.159 
and 0.079 cm, with dry nitrogen mass flow rates ranging from 
2.25 x 1o-3 t0 12.7 x io-3 gm/sec. The overall temperature dif- 
ference between the liquid and the injected gas, which was 
produced by precooling the gas, was approximately 155C. The 
change in temperature of the injected gas during the period of 
bubble formation was observed to be 55 to 90 per cent of the 
overall temperature difference. 

Experimental measurements were employed to determine an 
average convective heat transfer coefficient for the bubble 
formation period based on a time integrated average surface 
area of the bubble and a log mean temperature difference. The 
heat transfer coefficient ranged from 2.4 X 1O-3 to 5.3 X 1O-3 
cal/sec-cm"-C. The rate of energy transfer to the bubble was 
found to be significantly influenced by the circulation of the 
gas within the bubble. 

The effects of energy transfer upon the process of bubble 
formation at an orifice were also assessed by a comparison of 
the bubble formation characteristics in the presence of energy 
transfer with those in the absence of energy transfer. 

In conjunction with the experimental investigation, a 
theoretical analysis was made of the formation process of a gas 
bubble assuming the bubble to be spherical in shape with com- 
plete mixing of the gas therein. The rate of growth of the 
bubble, the mean temperature, the mean pressure, and the volume 



of the gas in the bubble were determined as a function of time 
during bubble formation. The analysis provided a means for 
predicting the effect of energy transfer upon the rate of growth 
of a bubble and for predicting the Increase In the temperature 
of the gas In the bubble during formation, thereby providing a 
confirmation of the validity of the experimentally determined 
average heat transfer coefficient. 

1. INTRODUCTION 

A simple method of obtaining energy or mass exchange between 
two fluids is by the direct contact of the fluids by passing one 
of the fluids through the other. In particular, the transfer 
of energy from a hot liquid to a cool gas immiscible with the 
liquid can be accomplished 'by injecting the gas, through a 
submerged orifice, into the liquid. The natural disintegration 
of the injected gas stream Into discrete gas bubbles enhances 
the process of energy transfer by producing a large surface 
area to volume ratio for the discrete phase. Such a process 
essentially becomes one of energy transfer from a hot liquid 
to the cool gas In the bubbles. 

The energy transfer from a liquid to the gas In the bubbles 
may be considered as occurring during two distinct stages: (a) 
the energy transfer from the liquid to the gas during the period 
of formation of the bubbles at a submerged orifice and lb) the 
energy transfer from the liquid to the gas in the bubbles during 
the passage of the bubbles through the depth of the liquid. In 
addition to the fact that the first of those components, namely 
the energy transfer during the formation of a bubble, may be 
quite significant in magnitude, the actual mechanics of the 
heat transfer processes in the two stages differ significantly 
from each other. 

The research reported herein i 7 
concerned with an experi- 

mental and analytical investigation of the energy transfer to 
a gas bubble from the liquid surrounding it during the period 
of formation of the bubble at a submerged orifice. The experl- 
mental part of the investigation has in addition afforded an 
insight Into the dynamics of gas and liquid motion during the 
formation period of the bubble. 

The bubbling process has been employed frequently as an 
efficient means of energy transfer, as for example in the com- 
mercial production of ethylene by means of light hydrocarbon 

'L'Ecuyer, M.R., "An Investigation of the Energy Transfer from 
a Liquid to a Gas Bubbling Through the Liquid," Ph.D. Thesis, 
August 1964, Purdue University. 
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pyrolysis (l).' It has also been suggested by Rom (2) that the 
bubbling process may be utilized for the heating of a rocket 
propellant gas by means of a molten core nuclear reactor. Such 
interest in the bubbling process as a means for directenergy 
transfer is one of the reasons which prompted the Investigation 
discussed herein. 

1.1 Review of the Literature 

The study of the formation of gas bubbles in liquids by 
gas Injection has been an important area for research In the 
broad field of intersurface phenomena because of the significance 
of the possible application of that process for the transfer of 
energy and mass between two fluids. Most of the Investigations 
reported In the literature have been concerned with the fluid 
dynamic processes associated with the formation of gas bubbles, 
rather than with the phenomena involved In the transport of 
energy or mass between a liquid and the gas during the period of 
formation of the bubble. 

In addition to the literature pertaining to the fluid dynamic 
aspects of the process of bubble formation, there Is considerable 
information in the literature concerning the fluid flow associated 
with the steady translation of gas bubbles through liquids. Al- 
though such information is of particular importance in assessing 
the energy or mass transfer occurring during that stage of the 
bubbling process, It has little relevance to the unsteady process 
of bubble formation. Chao (3) has presented recently a summary 
of the significant theoretical developments in that area as well 
as a rigorous analytical treatment of the fluid flow both within 
and surrounding a spherical bubble translating through a contin- 
uous liquid. That aspect of the subject is not discussed herein. 

The literature concerning the basic process of bubble forma- 
tion, as related to energy or mass transfer applications, may be 
divided for convenience, into the following: 

1. Literature pertaining to the fluid dynamic processes 
involved in the formation of a bubble. 

2. Literature pertaining to to the transfer of energy or 
mass across an interface during bubble formation. 

These are discussed separately in the following. 

1.1.1 Fluid Dynamics of Bubble Formation 

In any practical application of the bubbling process, It is, 
of course, of primary importance to have a knowledge of the size 
of the bubbles which are formed and which subsequently pass through 

'Numbers in parentheses refer to references In the Bibliography. 



the continuous liquid phase. Consequently, most of the lnvesti- 
gations have been conducted with the emphasis primarily upon 
determining the terminal volume of the bubbles produced for 
specified conditions of gas injection. 

When a gas Issues from an orifice Into a liquid there re- 
sults, under certain conditions to be described presently, the 
formation of discrete gas bubbles at the orifice. The motion 
of the gas-liquid interface during the formation of a bubble 
can, in general, be considered to be governed by the fluid 
dynamic and interfacial forces due to 

1. Momentum of the injected gas stream 

;: 
Inertia of the displaced liquid 
Drag on the interface associated with motion of the 
liquid relative to the bubble 

4. Buoyancy 
5. Interfacial tension 

The system variables such as the gas injection rate, the liquid 
and gas physical properties, the liquid depth, the orifice size 
and shape, and the local acceleration due to gravitational action, 
which have been observed to influence the bubble formation pro- 
cess, derive their importance from their influence upon the 
aforementioned forces governing the motion of the interface. 
Because of the inherent instability (4) of the interface that 
is generated during the gas injection, the gas flow is periodi- 
cally interrupted by the termination of the formation of one 
bubble, followed by the initiation of the formation of the 
succeeding bubble. It has been found f5,6) that the pulsating 
character of the flow imposed by the periodic formation of 
discrete bubbles produces an interaction or coupling of the 
bubble formation mechanism with the flow of gas. Thus, in 
addition to the variables directly associated with the forces 
governing the motion of the interface during the formation of 
a bubble, it has been found (5) that the fluid dynamic charac- 
teristics of the entire gas supply system up to the exit plane 
of the orifice can also have a significant influence upon the 
process of bubble formation. Such parameters include the L/D 
ratio of the orifice channel and the volume of the ante-chamber' 
supplying gas to the orifice. 

An accurate evaluation of the dynamic forces acting at the 
interface, of course, requires an adequate knowledge of the flow 
of gas into the bubble. Unfortunately, the aforementioned coup- 
ling and the incomplete understanding of the interfacial phenomena 
involved have caused considerable difficulty in accurately defin- 
ing the flow into a bubble for a given system. However, an 

1 The ante-chamber volume, though frequently not well defined, has 
been taken as the volume of the gas supply system from the ori- 
fice to the point where a large pressure drop occurs in the 
system and beyond which small pressure fluctuations (induced by 
bubble formation) are not transmitted. 



attempt may be made to discuss the basic process of bubble 
formation in relation to the following. 

1. Types of gas flow into the bubble 
2. Effect of the gas flow rate on the formation mechanism 

t : 
Effect of the physical properties of the liquid 
Effect of the properties of the gas 

65: 
Effect of motion of the liquid relative to the bubble 
Effect of liquid depth 

7. Effect of orifice size and shape 

T.y-pes of Gas Flow. There are, in general, two types of 
flow during formation Into a bubble, which may be reasonably 
well defined. One case, commonly referred to as the "constant 
gas flow rate" case, pertains, as the name implies, to bubble 
formation in which the rate of gas flow into a bubble Is essen- 
tially constant. Such has been found (7) to be the case, for 
example, for bubble formation at the tip of a long capillary 
tube. The flow rate of gas is governed by the pressure drop in 
the capillary and, perhaps, some controlling device upstrea of 
the capillary. Nevertheless, the pressure fluctuations at the 
tip (or orifice) of the capillary which result from bubble 
formation are not transmitted upstream. The flow is essentially 
independent of the bubble formation process and, as such, there 
is no coupling. 

The other limiting case of flow, referred to as the "constant 
pressure supply" case, pertains to bubble formation at an orifice 
which is supplied with gas from an ante-chamber at constant 
pressure. That case is approximated, in practice when an orifice 
is supplied with gas by a very large ante-chamber. The rate of 
gas flow into a bubble for such a system has been found to vary 
throughout the formation period (71, apparently as the result of 
a variation of the pressure drop across the orifice. Such a 
system, though not entirely free from a coupling of the bubble 
formation and the flow, can be considered to be one for which 
the flow is practically independent of the ante-chamber volume. 
Roweve r , there still remains some uncertainty in determining 
both the pressure drop and the flow coefficient for such an ori- 
fice during the bubble formation period. 

Any actual bubble formation system will probably operate 
under conditions in between the aforementioned limiting cases 
of flow and, therefore, will exhibit, to some extent, a coupling 
of the bubble formation mechanism with the gas supply system 
as well as a possible dependence of the process of bubble forma- 
tion upon (a) the volume of the ante-chamber and lb) the L/D 
ratio of the orifice channel. A twofold increase in the ante- 
chamber volume, for a given mean gas flow rate, has been ob- 
served (8), for instance, to cause an increase in the terminal 
Volume of the bubbles formed by as much as 50 percent, though 
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the effects were less pronounced the higher the mean gas flow 
rate. Unfortunately, a quantitative comparison of the available 
results becomes impractical In most cases since, as has been 
stated,much of the information in the literature concerning the 
formation of gas bubbles has been obtained with apparatuses that 
give rise to types of flow which fall between the aforementioned 
limiting cases. It has been found more fruitful to discuss the 
observed trends of the Influence of the various. varlbles pertin- 
ent to the bubble formation process. 

Hughes, et al (5) have derived two dimensionless groups to 
characterize the influence of the gas supply system upon bubble 
formation by considering the acoustical capacitance of the ante- 
chamber and the resistance to flow of the orifice channel. They 
are 

ii, = g (PL - Pp) v, 
A0 P & c2 

NR = L/Do h.1)' 

Values of the ante-chamber volume which make N << 1 approximate 
the condition of constant flow rate, whereas t!?iose which make 
X >> 1 approximate the condition of a constant pressure supply. 
IF has been observed (10) that an ante-chamber volume 10,000 
times that of the bubble volume is required to approximate the 
condition of a constant pressure supply. The influence of the 
orifice channel, on the other hand, has been found (5,6,9) to 
be significant only when NR > 100 or NR C 1. Though not thor- 
oughly tested, the parameters Nc and NR have provided one means 
of characterizing the type of gas injection systems for at least 
the two limiting cases of flow. 

Gas Flow Rate. In general, the terminal bubble volume, Vb, 
or the frequency of bubble formation, f, has been considered 
the principal variable in bubble formation studies. The most 
readily controlled independent variable is, of course, the rate 
of flow of gas through the system.2 Because of the dependence 
of the forces due to liquid inertia, viscous drag, and buoyancy 

1 Befer to Appendix I for a definition of the notation. 

'In many cases, the instantaneous rate of gas flow into a bubble 
is different from the mean rate of gas flow through the system 
and therefore also becomes, in such instances, a dependent var- 
iable. For convenience, reference hereafter to gas flow rate 
implies the mean gas flow rate if there exists such a difference. 

6 



upon the volume or the volumetric growth rate of the bubble, the 
volumetric gas flow rate has been employed consistently in the 
literature for describing the rate of gas injection. The lnf lu- 
ence of the volumetric gas flow rate, qi, hereinafter referred 
to simply as the "gas flow rate", upon the terminal bubble volume 
can be divided (5,11,12,13,14) into three re imes characterizing 
the operative forces; namely, (a) static, 
steady), 

(by dynamic (or un- 
and (c) the so-called turbulent interaction.. 

At very low gas flow rates (5 1 cm3/sec) the bubble forma- 
tion process Is essentially static, with the terminal volume of 
the bubbles being determined by a balance between the static 
forces due to buoyancy and surface tension. Thus, 

n%+J Vb = 
@; (PL - P,) r1.39 

For a given orifice and liquid, Vb is reported to be essentially 
independent of variations in gas flow rate (8,10,13,14) although 
the value that has been measured is somewhat different from that 
predicted by equation 1.3. Next, it may be observed that, by 
assuming that the gas density is practically constant, one obtains 

Vb' f= 41 (1.4) 

and, therefore, the frequency of formation, f, varies linearly 
with the gas flow rate in the static regime. 

As the gas flow rate is increased, the dynamic forces become 
operative in governing the rate of growth of a bubble and its 
terminal volume. Thus, in the dynamic regime, there is a range 
of gas flow rate for which both vb and f Increase with the flow 
rate (13,14,15). At some value of gas flow rate, the frequency 
becomes approximately constant2 and a further increase in '$1 
results in a linear increase in vb, as indicated by equation 1.4. 
Both the static and the dynamic regimes may be said to yield 
regular bubble formation, that is, the periodic formation of 
bubbles of approximately equal volume for a given flow rate. 

'It has been assumed that the liquid perfectly wets the orifice 
material, the bubble is spherical, and surface tension is the 
same for both static and dynamic interfaces. 

2 The approximately constant value of the frequency of bubble 
formation is referred to as the "maximum frequency". 
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In the dynamic regime, the occurrence of a constant fre- 
quency of formation above a particular ralue of the gas flow 
rate has been attributed as largely due to viscous retardation 
(12) and/or coalescence of the bubbles at the orifice (6,161. 
In very viscous liquids (e. 

(12 7 
., castor oil), the constant fre- 

quency condition occurs at much lower frequencies than in 
relatively inviscid liquids (e.g., water). The recent theoret- 
ical work of Walters and Davidson (16) shows that the occurrence 
of the maximum frequency in relatively inviscid liquids corres- 
ponds to a gas flow rate above a value 

ii 
r 28 g112 %5'2 (1.5) 

When the gas flow rate is increased above the values men- 
tioned above, the formation of bubbles is characterized by a 
randomness both in the size as well as in the frequency of forma- 
tion. The cause for this is attributed to a much greater inter- 
action between the liquid and the high velocity gas jet such as 
may be obtained with a turbulent gas jet (17). It is that regime 
of flow that has been referred to as the turbulent regime. It 
has been found (17,18) that the distribution of the mean diameter 
of the different size bubbles can be approximated reasonably 
well, under those circumstances, by a logarithmic normal-proba- 
bility function. It also appears that the maximum size of the 
bubbles produced can be approximately predicted (18) by the 
application of Rayleigh's theory (19) concerning the instability 
of fluid jets. Such predictions indicate (17,181 that, for the 
so-called turbulent regime, the size of the bubbles produced and 
the frequency of formation are entirely independent of the ori- 
fice size and the gas and liquid properties. 

Of course, the lines of demarcation between the static, 
dynamic, and turbulent regimes are not sharp, and the actual 
flow rates at v:hich transitions occur from one regime to another 
are apparently dependent upon the liquid physical properties and 
the orifice size (l2,15,19,20). 

Liquid Physical Properties. The physical properties of the 
liquid which influ=e the bubble formation process are the den- 
sity, the surface tension, and the dynamic viscosity. In the 
static regime, the terminal bubble volume should vary inversely 
with the liquid density (since pD >> p ) as indicated by equation 
1.3. That trend has been verified lg,?l, 14) within the limita- 
tion of some variation of other properties of the liquid in 
addition to the density. 

The buoyant force acting on a bubble, of course, increases 
with the liquid density, tending to produce smaller bubbles in 
more dense liquids. However, in the dynamic regime, the liquid 
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inertia force, which is proportional to the liquid density, 
tends to retard the bubble at the orifice thus increasing the 
final bubble volume. The net effect of those two opposing 
trends has been experimentally observed (7,8,201 to cause the 
terminal bubble volume to vary approximately as pIWn, where n 
varied from l/10 to l/3. Thus, experimental data for wide 
ranges of gas flow rate indicate that density effects are small 
where observed (21). It has been found (7), however, for very 
viscous liquids that the dynamic inertia force does not come 
into play as early as the viscous dr 

-375 gyy 
; and consequently, 

in such liquids, vb can vary as pL ow gas flow rates in 
the dynamic regime. 

The surface tension force on the bubble is particularly 
important in the static regime, 'and it has been found (11) that 
Vb varies directly with o as would be expected from equation 
1.3. There are, however, indications (12,22,23) of an even 
stronger dependence (Vb 01 03) which apparently have not been 
fully investigated. 

In the dynamic regime, the surface tension force is of 
secondary importance; and consequently, experimental data indi- 
cate (21,231 that surface tension effects are small, with Vb 
increasing only slightly with increasing a (20). It has been 
found, however, (7,25) that surface tension can have a signifi- 
cant influence upon both the pressure in the gas supply system 
and the rate of flow of gas into a bubble. 

The influence of the liquid viscosity arises from the 
occurrence of a viscous drag force acting on the interface. 
Obviously, there should be no influence of viscosity on the 
terminal bubble volume in the statis regime, and that fact has 
been demonstrated f9,11,14,22). The influence of liquid viscos- 
ity upon the terminal bubble volume for formation in the dynamic 
regime has also been shown ~8,9,11,13,14,16,20,21,24) to be very 
small for liquids of relatively low viscosity (~1 s 200 cp). Some 
correlations (20,211) of the bubble volume data, for liquid vis- 
cosities in that range, indicate that V 
varied from l/12 to l/50. 1 

varied as pm where m 
In an analys s of the formation of a 

bubble in relatively inviscid liquids, Davidson and Schuler (25) 
entirely neglected viscous forces in their theoretical model. 
The approximate agreement of theory and experiment obtained by 
them indicates that, in such liquids, the predominant dynamic 
force acting at the interface is probably that due to the in- 
ertia of the liquid. however, for bubble formation in liquids 
having viscosities of the order of 500 to 1000 cp, it has been 
observed by the same authors that viscosity does have a signi- 
ficant influence on the terminal bubble volume. In their analy- 
sis of such bubble formation, Davidson and Schuler (7) considered 
the liquid inertia and viscous drag forces to be of equal 
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importance, and their experimental and analytical results indi- 
cate that .Vb varied as pm 
to 3/4. 

.where m had a value ranging from 'Z/3 

Gas Properties.. The influence of the physical properties 
of the gas upon the bubble formation process has received only 
limited attention. It has been shown that the use of nitrogen 
gas (13) ,and hydrogen gas (9) resulted in the formation of bub- 
bles the same size as were obtained with air, other conditions 
being the same. Davidson and Schuler (7) predicted, analytically, 
an increase in the terminal bubble volume of approximately 1 
percent for changing the injected gas from CO2 to air. Their 
experimental observations indicated an increase of 1.8 percent. 
Such effects were attributed to the differences in fa) the gas 
momentum for the two cases and (b) the effect of gas density 
upon the orifice discharge coefficient. however, effects of 
such magnitude are generally considered negligible. The dimen- 
sionless parameter, NC, defined in equation 1.1 indicates that 
the gas density and the acoustic speed of the gas may be import- 
ant in characterizing the type of flow into the bubbles resulting 
for a given system. It should be noted that, for a perfect gas, 

P, l c2 = Y PC 

and, therefore, NC is only dependent upon the specific heat 
ratio for the gas and the pressure of the gas in the ante- 
chamber. 

Liquid Notion. The forces acting on the bubble as a result 
of motion of the liquid relative to the bubble can arise from 
induced or forced liquid motion. Considering, first, a liquid 
essentially at rest with respect to the orifice, there is motion 
of the liquid which is induced as a result of the growth and 
rise of the gas bubbles. Of course, an infinite liquid bath 
would minimize the effect of such induced liquid motion. In 
the use of liquid containers of finite dimensions, it has been 
found (14) that there was no significant change in the size of 
the bubbles formed for cont.ainer diameters greater than approxi- 
mately 8 bubble diameters. The effect of the induced liquid 
motion upon the bubble volume was observed to be significant 
(7) when the orifice projected upwards into the liquid bath. 
The liquid consequently could move upwards in that case at the 
base of the bubble, causing an additional force on the bubble 
which tends to reduce the terminal bubble volume by as much as 
10 percent. ?/hen the orifice was surrounded with a ring of a 
diameter 1.4; times that of the bubble diameter, it was found 
(7) to reduce the effect of induced liquid motion to a minimum, 
and the ring therefore acted as an anti-circulation device. In 
most analytical treatments, the effect of the induced liquid 
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motion is not taken into account simply because of the difficulty 
of predicting such flow. Hence, its.actual effect is little 
understood. As one might expect, the influence of such induced 
liquid motion has reportedly been more significant in liquids .of 
relatively low viscosity f7,25).. 

Another type of liquid motion, namely the forced liquid 
motion relative to the'orifice, has been observed to reduce the 
terminal bubble volume for a given gas flow rate. It has been 
found (12) that; in .the dynamic regime, the bubble diameter 
varied approximately inversely with increasing tangential veloc- 
ity of the liquid relative to the orifice. The reduction of 
bubble diameter with increasing liquid velocity is less pronounced 
the higher the gas flow rate. In the so-called turbulent regime, 
it has been found (18) that the diameter of the largest bubbles 
varied inversely with the relative liquid velocity to the l/2 
power. 

Liquid Depth. It has been shown in numerous instances that 
the depth of the liquid does not influence the bubble volume or 
frequency provided the depth is at least equal to 2 or 3 bubble 
diameters (7). The liquid depth would of course influence the 
pressure in the gas supply system which is of little signifi- 
cance, on the whole, in view of the very small influence of the 
gas properties. 

Orifice. The size, shape, and orientation of the orifice 
used for gas injection have been important variables of interest 
in the formation of bubbles. For the most part, vertically 
oriented, circular orifices have been utilized, though there is 
some limited data (24) concerning the use of triangular and slot 
shaped orifices. In an investigation of round-edged and sharp- 
edged orifices (171, the flow coefficient for air discharging 
into air was compared with that for air discharging into water. 
The sharp-edged orifice for the air-water system exhibited a 
larger flow coefficient (10 to 15 percent) than that for the 
air-air system. That may have been a result of disruption of 
the vena contracta by the formation of the bubbles and the sub- 
sequent increase in the effective orifice area. The flow CO- 
efficient for a round-edged orifice was nearly the same for the 
air-water and air-air systems, since the vena contracta was 
located near the throat and apparently less disturbed by bubble 
formation. As mentioned previously, there still remains some 
uncertainty in determining the effective pressure drop across 
a bubbling orifice (24). There are indications (5) that the 
dynamic forces may cause pressure differences considerably dif- 
ferent from those predicted merely on the basis of static surface 
tension effects. 

The influence of the orifice diameter upon the terminal 
bubble volume, in the static regime, has been found (11) to 
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follow the trend indicated by equation 1.3 wherein vb varies 
linearly with DO. Howev r, there is also some indication (9) 
that vb may vary as Da 3/S in the static regime. Regular bubble 
formation has been observed (9) up to orifice diameters of 0.5 
cm and in some cases (61 for orifices as large as 1.6 cm in 
diameter. 

Some experimental data for bubble formation in the dynamic 
regime (14,20,25) indicate that the influence of the orifice 
diameter upon the terminal bubble volume is insi nificant. 
However, the dais from other sources (6,15,21,24 '5 indicate that 
vb varies as 

% 
where n is approximately l/3 to l/2. The 

magnitude of t e'maximum frequency in the dynamic regime has 
been found to increase with a decrease in orifice diameter; 
f aax a %'m~ where a varies from l/3 to l/2, (6,15,20). 

Even though the trends of influence of the variables per- 
tinent to bubble formation seem, as illustrated above, to show 
reasonable agreement among the variety of sources in the liter- 
ature, it should be mentioned that no systematic variation of 
the several parameters has been attempted. The current theories 
on the mechanism of bubble formation which have to take into 
account both the unsteady nature of the flow processes involved 
and the interaction of the fluid dynamic and interfacial forces 
are, therefore, largely subjective in their relation to the 
limited experiments considered by individual researchers. It 
might be expected that the success of any attempt to describe 
such phenomena in terms of overall or mean quantities would be 
limited. Davidson and Schuler (7,251 have presented, perhaps, 
the most significant analytical treatment of the bubble forma- 
tion process considering both of the aforementioned limiting 
cases (constant flax rate and constant pressure supply) for 
the flow of gas into the bubbles. Based upon the assumption 
of a spherical bubble growing about a point source of gas, they 
were able to predict the terminal bubble volume for a given 
orifice, liquid, and gas flow condition. In the case of con- 
stant gas flow rate, the flow rate was, of course, the indepen- 
dent variable. In the case of a constant pressure supply, the 
ante-chamber pressure was chosen as the independent variable, 
while the flow rate into the bubble as well as the terminal 
bubble volume xere considered dependent variables. For the 
analysis of bubble formation in a viscous liquid, the vertical 
motion of the spherical bubble about the point source was 
determined by a balance of buoyant, liquid inertia, and viscous 
fStoke's) forces.1 In the analysis of bubble formation in an 

'The liquid inertia force was omitted in the consideration of 
small lo.3 - 2.5 cms/sec) gas flow rates. 
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inviscid liquid, only buoyant and liquid inertia forces were 
included. Closed form solutions were obtained only for the 
case of constant gas flow rate. Those were 

~viscous liquid-low gas flow rate) 

Vb = 8.04 c$ hi)3’4 

(inviscid liquid) 
8 6/5 

Vb = 1.378 qi 
p-- 

(1.6) 

(1.7) 

The aforementioned authors obtained agreement between the pre- 
dicted and the experimental values of the terminal bubble volume 
within 10 percent, in most cases, for the case of bubble forma- 
tion in a viscous liquid for both types of (limiting) flow 
considered. Sfmilarly, they obtained reasonable agreement for 
the case of formation in an inviscid liquid for a constant gas 
flow rate. Considering that their analysis is the first to 
enable the prediction of the terminal bubble volume for arbi- 
trarily specified conditions on the gas flow rate, orifice size, 
and liquid properties, the results are encouraging. The analy- 
sis provides an added insight into the regimes of importance of 
the dynamic forces which govern the motion of the gas liquid 
interface. However, the comparison of theory and experiment 
solely on the basis of the terminal bubble volume does not permit 
one to assess the adequacy of the representation of the govern- 
ing forces at each instant during the formation period of the 
bubble. A knowledge of the forces acting on the bu'bble interface 
and the fluid surrounding the bubble at each instant during the 
growth of the bubble is essential for the understanding of the 
energy and mass transfer processes where they occur. 

1.1.2 Energy Transfer During Bubble Formation 

A great majority of the investigations which have been 
reported in the literature concerning the energy or mass trans- 
fer to bubbles or drops pertain to the period of their passage 
through a continuous liquid phase and not the period of forma- 
tion. Though there are some features of similarity in the 
transfer processes themselves, the data obtained during the 
passage of the bubble has very limited application to the an- 
alysis of energy or mass transfer during bubble formation. The 
unsteady nature of the processes involved during bubble forma- 
tion and the complexity of analyzing the various interactions 
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during that period have hindered investigations in.,that area, 
and, as such, the information in the literature is very meager. 

For the most part, the investigations reported.in the liter- 
ature pertaining to interfacial transport phenomena have been 
concerned with mass transfer across an interface. In addition, 
much of the dataconcerning the energy or mass transfer between 
the continuous and the discrete fluid phases pertain to trans- 
fer between a continuous liquid and a liquid drop. However, 
in view of the analogy .between.the energy and mass transfer 
processes and the similarity, in some limited respects, between 
bubbles and drops, much of the available information can be 
applied to the understanding of the phenomenon of energy trans- 
fer to bubbles. The following discussion considers that informa- 
tion in relation to the process of energy transfer during bubble 
formation. 

Numerous investigators (26,27,28,29,30,31) concerned with 
the energy or mass transfer to bubbles or drops as a function 
of the distance of travel through a continuous liquid have re- 
ported "end effects", and they have been commonly attributed to 
the transfer of energy or mass during the formation period or 
immediately thereafter. An estimate of the amount of energy 
or mass transfer during the formation period has frequently 
been made on the basis of experimental data for the amount of 
transfer as a function of the depth of the liquid by extrapolat- 
ing such data to a zero liquid depth. The validity of such an 
extrapolation is based on the assumption that the heat (or 
mass) transfer increases linearly during the rise time of the 
bubble. There is some evidence which indicates that the trans- 
fer varies nonlinearly during the rise time (32) and, therefore, 
that such an assumption may be highly inaccurate (33). However, 
it provides some basis for an estimate of the maximum amount of 
transfer that may occur during the formation period. For the 
case of liquid vapor transfer to air bubbles, Calderbank (28) 
has estimated that the bubbles may be as high as 80 percent 
saturated during the period of bubble formation. Investigation 
of the mass transfer for cases controlled by both gas-phase 
resistance and liquid-phase resistance indicaged (28) that the 
transfer during the bubble formation period (- 40 percent) was 
equally as significant as that during the time of passage of 
the bubbles through the liquid. 

The present author has applied the same technique (extra- 
polation to zero liquid depth) to the data of McDowell and 
Kyers (34) for energy transfer to liquid drops and found that 
the change in drop fluid temperature during the time of forma- 
tion may have been as much as 12 to 30 percent of the available 
overall temperature difference. Other experiments (35,36,37) 
concerned with the rate of mass extraction from droplets have 
also indicated that as much as 5 to 40 percent of the extraction 
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may occur during drop formation. All such information seems 
to emphasize the significance of-the energy ormass transfer 
during the bubble or drop formation per1o.d in relation to the 
transfer for the overall process of continuous .and discrete 
fluid contact. 

Linquist (38) and Garner and Skelland ,[29) have conducted 
investigations specifically concerned with mass transfer during 
bubble and d-rop formation., respectively. Linquist observed 
that, ,for the case of wat.ervapor transfer to,dry nitrogen bub- 
bles during formation, the saturation of,the bubbles varied 
from 40 to 65 percentas the vapor pressure of the liquid was 
increased. Furthermore, the mass transfer coefficient was 
found to decrease with time during the formation period, but 
it was shown that the degree of saturation of the bubbles at 
the end of the formation period could be analytically computed 
by employing an average mass transfer coefficient for the-entire 
formation period. Although there was no significant variation 
of the molecular diffusivity of the gas-vapor combination, the 
results indicy ;d 
varied as D 4 

that the average mass transfer coefficient 
Such a trend compares reasonably well with 

that observgd by'Ca1derban.k (281, who sho that the transfer 
rate during bubble formation varies as 
fold variation of De. 

Dg m for nearly a three- 

The decrease of the mass transfer coefficient with time 
during the formation period has also been observed in connec- 
tion with extraction from drops by Garner and Skelland 129) 
and Coulson and Skinner (39). Such variation has been attributed 
to a decrease with time of the mixing of the fluid within the 
bubble or drop. Just as in the case of bubbles or drops 
passing through the liquid, the circulation of the fluid in a 
droplet may be expected to have a predominant influence upon 
the rate of energy or mass transfer. In support of this, two 
facts may be stated. Firstly, Garner and Skelland (29) have 
observed that the rate of extraction from drops during the 
period of formation of the drops at an orifice was strongly 
influenced by the agitation within the drops. They observed 
(40) that the flow from the orifice traveled down the central 
axis of the drop and circulated back along the interface. An 
increase in the rate of feed from the orifice caused an increase 
in the rate of circulation. Furthermore, the rate of extrac- 
tion during formation was found to be increased as much as 50 
percent by increasing the velocity of flow from the orifice, 
although there were indications that the increase in bubble or 
drop size during formation also had a strong influence upon 
the circulation therein. 

Secondly, theoretical predictions (29) of the mass trans- 
fer coefficient, assuming a stagnant drop, have been found to 

15 



be an order of magnitude smaller than the values determined 
experimentally. Experimental values of the mass transfer co- 
efficient for the drop formation period also indicated that 
the velocity of circulation was substantially greater than that 
during the passage of the drops through the liquid. 

V&ether the effect of internal circulation upon the rate 
of energy or mass transfer to a bubble is merely the result of 
an increase in the effective area of transfer as suggested by 
Harriott (411, or the result of eddy diffusion as postulated 
by Handles and Baron (26) is not yet known. Nevertheless, the 
importance of that phenomenon is well established. 

The circulation within a bubble which may be present while 
passing through a liquid bath, may probably be the result of 
the transfer of viscous shear across the interface; the circu- 
lation within a bubble during the formation period, on the 
other hand, arises from the momentum associated with the fluid 
stream entering the bubble. The interfacial phenomenon may 
also exercise during the latter period some influence on the 
decay of the circulation by the viscous transfer of momentum 
out of the bubble. The internal circulation during formation 
and its apparent decay with time should, however, be closely 
related to the viscous dissipation in the fluid within the 
bubble. An indication of such an effect has been observed by 
the author from some experimental data for energy transfer to 
droplets (34). .A.n estimate1 of the drop fluid temperature change 
during formation indicated that as much as 30 percent of the 
available temperature change may have occurred during the forma- 
tion of kerosene and xylene drops in trater, whereas only a 12 
percent change in temperature was indicated for the case of 
viscous oil drops formed in water. In view ofthe relatively 
low viscosity of the more common gases employed in bubble ex- 
periments, the circulation in gas bubbles could be large. It 
may be expected that the kinematic as well as the thermal 
properties of the gas will have an influence upon the energy 
transfer during formation. 

The experimental data of Linquist (381 regarding mass 
transfer during bubble formation indicate, on assuming an an- 
alogy between heat and mass transfer, that the energy transfer 
coefficients range from 3.5 X lo-3 to 7.0 X 1O-3 cal/sec-cm2-C. 

Recent investigations (42,431 in connection with boiling 
heat transfer have indicated coefficients of heat transfer, 
between water and injected steam, that are several orders of 

1 By extrapolation of the fractional transfer as a function of 
liquid depth to zero liquid depth. 
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magnitude greater than the aforementioned values for immiscible 
fluids. There is evidence in such cases (431, however, that the 
presence of an inert gas in the injected steam appreciably re- 
duced the heat transfer coefficient. It may be expected that 
such cases involving, primarily, latent energy transfer are 
considerably different from the energy transfer associated with 
the contacting of immiscible fluids. 
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In summary, a review of the literature indicates that the 
amount of energy or mass transfer occurring during the formation 
of a bubble may be a significant portion of the total transfer 
for the overall bubbling process. In developing an understand- 
ing of the fluid dynamic, interfacial and transport processes 
associated with the energy transfer to a gas bubble during 
formation, the folloTrTing aspects of the problem remain open 
for further investigation: 

1. In view of the apparent interaction of the fluid 
dynamic and energy transfer processes, there is a 
need, first, for a detailed consideration of the 
fluid dynamic and interfacial forces that govern the 
rate of growth of a bubble throughout the period of 
formation. Such a study should encompass the formu- 
lation of an analytical representation of those dynamic 
forces as well as an experimental evaluation of the 
influence of the several parameters (mean flow rate, 
liquid properties, apparatus parameters) upon the 
instantaneous rate of gas flow into a bubble. 

2. In order to understand the mechanism of energy trans- 
fer between the liquid and the gas in the bubble there 
is a need for quantitative information concerning the 
pattern of the circulation of the gas in a bubble and 
its variation with time during the formation period 
as influenced by fluid dynamic and interfacial forces. 

3. ..Finally, there is a need for a detailed consideration 
of the interfacial phenomena that give rise to the 
periodic formation of discrete bubbles. That aspect 
of,the problem requires a consideration of (a) the 
conditions necessary for the initiation of the forma- 
tion of a bubble and fb) the stability of that bubble 
interface under the combined action of the dynamic 
forces acting thereon in order to determine the length 
of the formation period of a bubble. 

1.2 Preliminary Diagnostic Stu& 

The information in the literature concerning the energy 
or mass transfer to a bubbling gas is principally concerned 
with the transfer occurring during the passage of the gas bub- 
bles through the liquid. Though there is sufficient indication 
that the energy transfer occurring during the formation of the 



bubbles may be quite significant, there.has not,been'any quan- 
tltative data reported to'indicate which part of energy trans- 
fer, if .either, isthe more important. Consequently, an explor- 
atory.inve.stigation was'conducted to .determine the. relative 
importance 'of the energy transfer. occurringduring (a) the 
format,ion of the bubbles and -fb) the passage of the bubbles 
through the liquid. The relative importance of the energy 
transfer occurring during bubble formation and bubble motion 
was investigated by measuring the overall change in the temper- 
ature of the injected gas .for varying depths of the liquid phase. 

The apparatus utilized for the preliminary investigation 
is illustrated schematically in Fig. 1. A cylindrical tank, 
20.3 cm in inside diameter, was employed to contain the liquid 
phase. Air was injected into the liquid through a 0.159 cm 
diameter orifice in the base of the liquid tank. The air was 
supplied to the orifice from a high pressure supply via a 
pressure regulator, precision flow meter, -needle ,valve, and 
ante-chamber. 

The liquid phase was heated by means of an electrical im- 
mersion heater. A Dow Corning silicone liquid (DC 710H), which 
permitted liquid temperatures up to 232C,l was used as the 
continuous phase. The upper portion of the ante-chamber was 
surrounded by a water-cooled manifold to prevent heat conduction 
through the base of the liquid tank from preheating the air. 

The gas inlet temperature Teas measured by means of an 
iron-co.nstantan thermocouple mounted just to the side of and 
0.6 cm below the orifice. The liquid temperature was measured 
by means of an iron-constantan thermocouple located radially, 
5 cm from the orifice axis and midway in the liquid depth. It 
was found that the stirring action of the gas bubbles eliminated 
both radial and axial temperature gradients in the liquid. 

The stream of gas bubbles rising through the liquid was 
collected at the surface of the liquid by means of a cylindrical 
tube (open at both ends), 5 cm in inside diameter.:! The cylin- 
drical collector was supported by a movable rack which permitted 
the location of the collector at the liquid surface, regardless 
of the liquid depth. 
into the liquid (N 

The lower end of the collector projected 
0.3 cm) to insure collection of the gas bub- 

bles. The outlet temperature of the gas stream was measured 
by means of iron-constantan thermocouples positioned, radially, 
at the center of the collector. Three thermocouples, with a 

'Vapor pressure of 1.5 mm ilg at 232~. 

2 An inverted funnel collector was found to be unsatisfactory 
because of excessive liquid splashing of the thermocouples. 
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vertical separation of 1.2 cm were employed to obtain a measure- 
ment of the gas temperature independent of the splash of the 
liquid. 

In the exploratory experiments, the liquid and gas inlet 
temperatures were maintained constant at approximately 177C and 
27c, respectively. The relative importance of the energy trans- 
fer occurring during bubble formation and bubble motion was in- 
vestigated by measuring the outlet gas temperature as a function 
of the depth of the liquid. Liquid depths of 2.8, 5, and 7.6 cm 
were employed. Liquid depths below 2.8 cm were not used in order 
to avoid alteration of the bubble formation process. The mean 
gas flo?: rate h'as varied over the range from 3.4 X 1O-3 to 
10.2 x 1O-3 gm/sec, resulting in regular bubble formation at 
frequencies from 8 to 20 per second. 

The experimental determination of the outlet gas tempera- 
ture showed that the outlet gas temperature was essentially 
uninfluenced by the variations in the depth of the liquid or 
in the gas flow rate, and was approximately equal to the temp- 
erature of the liquid. 

Such results should be viewed accounting for the inherent 
difficulties of the technique employed for measuring the outlet 
gas temperature. Collection of the stream of gas bubbles at 
the surface of the liquid resulted in a very turbulent mixing 
of the gas and splashing liquid. Consequently, it is highly 
probable that such mixing could have resulted in additional 
energy transfer to the gas before it reached the thermocouples 
measuring the outlet gas temperature. In addition, the very 
low mass flow rate of the gas required to produce regular bub- 
bling increased the possible error in the measurement of the 
true outlet gas temperature due to energy transfer between the 
collector and the gas. On the other hand, it is probable that 
the errors due to such effects were approximately the same re- 
gardless of the depth of the liquid. Therefore, the absence of 
a noticeable dependence of the measured gas outlet temperature 
upon the depth of the liquid did seem to indicate that the 
energy transferred to the gas bubbles during the first 2.8 cm 
of contact with the liquid must have been quite significant. 
It was also found that the results obtained were consistent 
with the unpublished experimental observation of Piyers.2 
_C_“. 

1 The temperature of the collector had a noticeable influence 
upon the measured gas outlet temperature. 

2 Myers, J.Z., Professor of Chemical Engineering, Purdue Uni- 
versity, private communication. 
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In a practical system, the use of many closely spaced 
streams of gas bubbles and larger overall temperature differ- 
ences would, perhaps, result in a more pronounced influence of 
liquid depth upon .the gas outlet temperature, nevertheless, ,the 
energy transfer during bubble formation remains an important 
stage in the overall bubbling process. 

1.3 Scope of the Present Investigation 

The research discussed herein was concerned with the 
energy transfer from a liquid to gas bubbles during their per- 
iod of formation at a single submerged orifice. The investiga- 
tion consisted of both an experimental and analytical study. 

The experimental investigation was conducted to obtain 
quantitative information regarding the variables that govern 
the transfer of energy from a liquid to gas bubbles in the 
process of formation at a single submerged orifice. Measure- 
ments were made for the determination of the change in the 
temperature of the gas in a bubble due to energy transfer from 
the liquid as the bubbles were formed. In addition, data were 
obtained for determining the rate of transfer of energy to the 
bubbles during their period of formation. The effects of the 
gas flow rate, the orifice size, and the liquid physical prop- 
erties upon the energy transfer during the formation period 
were investigated. Some information regarding the effect of 
energy transfer on the basic process of bubble formation was 
also obtained. 

The analysis developed herein applies to the dynamic growth 
of an idealized gas bubble under the combined influence of gas 
injection through an orifice and energy transfer from the sur- 
rounding liquid. The bubble is assumed to be spherical in 
shape with complete mixing of the gas therein. The analysis 
provides a means for determining the effect of energy transfer 
upon the rate of growth of the bubble and for calculating the 
increase in the temperatureof the gas in the bubble during a 
formation period of specified length. 

2. EXPERIMENTAL INVESTIGATIGN 

When a gas is injected into a liquid through a submerged 
orifice, there results, under certain conditions, the periodic 
formation of discrete gas bubbles. If the liquid is hot, rela- 
tive to the temperature of the injected gas, there occurs energy 
transfer from the liquid to the gas in the bubble. The exper- 
imental investigation was concerned with obtaining quantitative 
data regarding the energy transfer that occurred as the bubbles 
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were formed at the orifice. Transparent liquids were employed 
to permit the use of high speed photography for recording the 
sequence of bubble formation. A difference between the temper- 
ature of the liquid and the temperature of the gas entering the 
bubble was produced by precooling the gas while the liquid was 
maintained at ambient temperature. This was necessary to mini- 
mize the transfer of liquid vapor into the bubbles so that the 
effects of heat transfer could be isolated. 

Measurements were made for determining the mean temperature 
of the gas in the bubble at the termination of the bubble forma- 
tion period when the bubble detached from the orifice. In ad- 
dition, measurements of the average surface area of the bubbles 
and the time of formation were made for determining an average 
convective heat transfer coefficient for the bubble formation 
period. 

The operatin g variables for the investigation were the 
orifice diameter, the properties of the liquid, and the mean 
mass flow rate of the gas. A considerable range of bubble size, 
formation time, and flow rate into the bubble were investigated 
by selected variation of those variables. 

In support of the analytical investigation described in 
Section 3, an auxiliary investigation was also conducted to 
determine the actual instantaneous rate of mass flow into a 
bubble. Several interesting facts regarding the details of the 
mechanism of bubble formation were also obtained. 

2.1 Description of Apparatus and Experimental Method 

2.1.1 Principal Apparatus 

General Description. Figure 2 illustrates schematically 
the principal experimental apparatus utilized for the periodic 
formation of gas bubbles by the injection of a gas into a liquid. 
The apparatus consisted of a liquid container bonded to a flat 
disc base. A submerged orifice for the injection of gas was 
provided by a circular hole in the cylindrical orifice body 
which was mounted in the base of the container. The submerged 
orifice was supplied with gas from a small reservoir or ante- 
chamber attached to the orifice body projecting below the base 
of the liquid container. The liquid container with the orifice 
assembly was mounted atop a wide-mouth vacuum flask which served 
as a support for the liquid container and also as a gas-to-fluid 
heat exchanger below the orifice assembly. The heat exchanger 
was employed to control (in this case to reduce) the temperature 
of the gas injected into the liquid in order to produce a condi- 
tion for heat transfer. Gas was supplied to the ante-chamber 
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for injection into the liquid from a high pressure source 
through a precision flowmeter, a needle valve, and the heli- 
cal tubing of the heat exchanger. The ante-chamber volume 
xas kept as small as possible in order not to lose the dif- 
ference in temperature produced by the heat exchanger. It 
is realized that the ante-chamber volume is a parameter 
that influences the formation of the bubbles, and therefore, 
the use of a single ante-chamber size may imply a particular 
class of bubbles (5). 

The apparatus enabled the periodic formation of gas 
bubbles for mean volumetric gas flow rates up to 30 cmn/sec. 
However, it was found that flow rates below approximately 
10 cma/sec (0.6 irP/sec) resulted in the regular formation 
of bubbles of approximately equal volume; and, consequently, 
the investigation was confined to flow rates in that range. 

Both distilled water and ethyl alcohol were used as 
the liquid bath in which gas bubbles were formed. Dry nitro- 
gen gas was used for injection into the liquid throughout 
the investigation. 

Ethyl alcohol was selected because it was found that 
its lower surface tension enabled the production of gas 
bubbles considerably smaller than those produced in water 
under similar conditions. In addition, the fact that the 
thermal conductivity of ethyl alcohol is approximately one- 
third that of water aided in the consideration of the im- 
portance of the thermal resistance of the liquid phase in 
determining the rate of transfer of energy to the gas bub- 
bles. 

In the experiments conducted to obtain data regarding 
bubble formation with heat transfer, the gas was precooled 
prior to entering the orifice such that there was a signi- 
ficant difference between the temperature of the liquid and 
the temperature of the gas entering the bubble. In such 
experiments, liquid nitrogen (b.p. - 77K at 1 atm.) was used 
as the heat exchanger fluid which provided an orifice inlet 
temperature of approximately -129C (-200F). With the liquid 
phase maintained at approximately 21C (16’2 for ethyl alcohol), 
an overall temperature difference of approximately 15OC 
(27OF) was obtained. 

In the experiments conducted to obtain data regarding 
bubble formation without heat transfer, the temperature of 
the gas entering the bubble was maintained the same as the 
temperature of the surrounding liquid. This was accomplished 
by using water at approximately 21C as the heat exchanger 
fluid thus controlling the temperature of the gas entering 
the orifice at 2lC, (16~ for ethyl alcohol). 
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High speed motion pictures of the bubble formation process, 
taken at the level of the orifice, provided a technique for in- 
vestigating the details of the formation of a gas bubble. Frame- 
by-frame projection of the photographs enabled an accurate deter- 
mination of the bubble volume, the bubble surface area, and the 
time of formation of the bubble. 

Detailed Descrintion. The liquid container was fabricated 
from transparent plexiglass tubing 8.9 cm inside diameter by 
0.635 cm wall. The cylindrical portion of the container was 
bonded to a plexiglass base 20 cm in diameter. 

The orifice body consisted of a cylindrical tube, 1.9 cm 
in outside diameter, closed at one end, with an orifice of the 
desired size drilled in the closed flat end. The outside of 
the orifice body was threaded to facilitate the mounting of the 
body in the base of the liquid container with the axis of the 
orifice vertically oriented. It was found that the wettability 
of the orifice material had a significant influence on the size 
of bubble formed and the time of formation. Consequently, ori- 
fices made of plexiglass (wetting for water) and teflon (non- 
wetting for water) were used in the investigation. The entire 
orifice body was machined from bar stock of the desired material 
with a very smcoth finish on the closed end. A hole of the de- 
sired size was drilled in the center of the closed end of the 
orifice body to provide a round, sharp-edged orifice. Orifices 
of 0.159 cm and 0.0795 cm in diameter and with an L/D ratio of 
approximately 2 were used in the Investigation. 

The cylindrical ante-chamber supplying gas to the orifice 
was 1 .ll cm in inside diameter and 21.6 cm long and was mounted 
with the upper end sealed inside the orifice body. 

Prior to entering the ante-chamber, the gas was passed 
through a helical heat exchanger tube (0.476 cm x 0.076 cih~ll, 
21.3 m long) suspended from the liquid container base.1 
heat exchanger facilitated the control of the temperature of 
the gas entering the orifice. The vacuum flask provided a 
well insulated container for the heat exchanger fluid as well 
as a support for the liquid container. The level of the fluid 
in the flask was maintained approximately at the lower end of 
the orifice body to minimize the change in the temperature of 
the gas as it flowed up the ante-chamber to the orifice. 

A l6mm Fastax camera was used to obtain the high speed 
motion pictures (2500 frames per second) of the bubble formation 
process. The orifice body was mounted in the liquid container 
base such that the surface of the orifice was 0.6 cm above the 

'The effective volume of the ante-chamber and helical tube corn-- 
bination was approximately 57.4 ems. 
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base, permitting photographs at the orifice level. The Fastax 
camera was equipped with a 60 cycle timing light which enabled 
an accurate determination of the time associated with any event 
recorded on the film. 

The temperature of the gas entering the orifice was measured The temperature of the gas entering the orifice was measured 
by means of an iron-constantan thermocouple mounted to the side by means of an iron-constantan thermocouple mounted to the side 
and 0.3 cm below the entrance to the orifice. and 0.3 cm below the entrance to the orifice. An iron-constantan An iron-constantan 
thermocouple projecting radially through the liquid container 0 thermocouple projecting radially through the liquid container 0.3 l 3 
cm above the surface of the orifice facilitated the measurement cm above the surface of the orifice facilitated the measurement 
of the temperature of the liquid in the proximity of the orific of the temperature of the liquid in the proximity of the orifice. e. 
It was found that the stirring action of the gas bubbles rising It was found that the stirring action of the gas bubbles rising 
through the liquid bath prevented the occurrence of significant through the liquid bath prevented the occurrence of significant 
radial or axial temperature gradients in the liquid; and, conse- radial or axial temperature gradients in the liquid; and, conse- 
quently, the thermocouple used for measuring the liquid tempera- quently, the thermocouple used for measuring the liquid tempera- 
ture was located radially 4 cm away from the orifice so as to ture was located radially 4 cm away from the orifice so as to 
avoid any interference with the formation of the bubbles. avoid any interference with the formation of the bubbles. 

2.1.2 Auxiliary Apparatus 

An auxiliary investigation was conducted, in support of the 
analytical investigation presented in Section 3, to determine 
the actual rate of mass flow into a bubble as it formed under 
given conditions. Several other interesting facts regarding the 
mechanism of bubble formation were also obtained. 

The auxiliary apparatus utilized for the investigation, 
similar to the principal apparatus previously described, is 
illustrated schematically fn Fi 

7 
. 3. A plexiglass orifice with 

a diameter of 0.159 cm and an L D ratio of 4 was employed. The 
principal and auxiliary apparatuses differed primarily in the 
ante-chamber employed to supply gas to the orifice. As shown 
in Fig. 3, the ante-chamber of the auxiliary apparatus consisted 
of a cylindrical tube 1.11 cm inside diameter and 19 cm long. 
At the base of the ante-chamber, an O-ring sealed coupling enabled 
sealing of the chamber by means of a removable plug or variation 
of the ante-chamber volume by the addition of another length of 
tubing. With the plug in place the standard ante-chamber volume 
was 21.7 cm3. Addition of a 17.8 cm length of tube at the sealed 
junction gave an ante-chamber volume of 39.8 cm3. 

Bear the upper end of the cylindrical ante-chamber, immed- 
iately below the orifice body, a small chamber 2.86 cm inside 
diameter was connected to the ante-chamber by means of a tube 
1.11 cm Inside diameter by 1.9 cm long. The small chamber was 
used to house a pressure microphone which was employed to measure 
the transient pressure of the gas in the ante-chamber during the 
formation of a bubble. By knowing the variation in the ante- 
chamber pressure with time It was possible to determine the time 
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rate of change of mass stored in the ante-chamber and, therefore, 
to determine the rate of mass flow into the bubble. Details of 
the microphone instrumentation and calibration are discussed in 
Appendix II. 

The steady state mass flow rate of the gas Into the system 
was controlled by means of a sonic orifice located at the en- 
trance to the ante-chamber. A gas pressure of 3 atm was main- 
tained on the upstream side of the sonic orifice to insure sonic 
flow. The purpose of the sonic orifice was to isolate the ante- 
chamber supplying the orifice from all other components (tubing, 
etc.) involved in supplying gas to the ante-chamber, thus ensur- 
ing that the steady state mass flow rate of the gas into the 
system was not affected by the periodic bubble formation. The 
effective volume of the ante-chamber was, therefore, the true 
volume of the chamber supplying the orifice. Sonic orifices 
were constructed to enable operation at four different steady 
state gas flow rates ranging from 1.5 to 5.2 cma/sec. 

All experiments were conducted using distilled water and 
nitrogen gas which were maintained in thermal equilibrium by 
means of the heat exchanger as described in Section 2.1.1. 

High speed motion pictures taken at the orifice level were 
again employed as a means for determining the bubble volume and 
the timing of events in the bubble formation process. The output 
of the pressure microphone was displayed on an oscilloscope and 
recorded by means of a Polaroid camera. Synchronization of the 
ante-chamber pressure record and the high speed motion pictures 
enabled a correlation of the photographed events with corres- 
ponding points on the pressure record. 

2.1.3 Experimental Method 

In the investigation of the effect of energy transfer upon 
the formation of a gas bubble, the primary objective was the 
determination of the change in the temperature of the gas in a 
bubble which resulted from energy transfer to the bubble as it 
was formed. It was apparent that any direct means of measuring 
the bubble gas temperature would not be feasible because (a) as 
with any interfacial phenomenon, penetration of the interface 
would completely alter the processes involved, and [b) the mass 
of gas in a bubble was too small (lo-3 gm) to activate common 
sensing devices. Consequently, it was necessary to devise a 
technique for indirectly determining the temperature of the gas 
in a bubble. 

Because of the apparent axial symmetry of a bubble forming 
at a smooth, vertically oriented orifice, it was found that the 
volume of the bubble could be calculated from a two-dimensional 
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picture of the bubble. High speed motion pictures taken at the 
orifice level provided a means for recording the sequence of the 
formation of a bubble. A frame by frame projection of such pic- 
tures enabled one to obtain a picture of the bubble at the instant 
of detachment from the orifice. By calculating the volume of 
the bubble from one such picture .and determining the mass of gas 
in the bubble from mean flow measurements, it was possible to 
determine, by means of the perfect gas law, the average tempera- 
ture of the gas in the bubble assuming that the pressure within 
the bubble could be approximated by the static pressure due to 
the liquid head and the surface tension. 

The procedure for computing the volume of a bubble from a 
two dimensional picture is illustrated in detail in Appendix 
III. The volume and surface area of the bubble at the instant 
of detachment from the orifice are referred to as the terminal 
bubble volume and terminal bubble surface area, respectively. 

The procedure for computing a mean temperature of the gas 
in a bubble from the calculated volume of the bubble required an 
accurate determination of the mass of the gas in the bubble. 
The mass of gas injected into the bubble through the orifice 
could be adequately determined from mean flow measurements pro- 
vided it was assumed that the amount of liquid va or transferred 
into the dry bubble was negligible. Linquist (38 P showed that 
the transfer of liquid vapor into a dry gas bubble during its 
period of formation was appreciable under certain conditions. 
However, it was also shown that for water at temperatures below 
27C (8OF) the volume of liquid vapor transferred to a bubble 
was less than 2 percent of the volume of the gas in the bubble. 
Consequently, the investigation was restricted to water temper- 
atures below 27C, and the mass transfer from the liquid was 
considered to be negligible. In the case of ethyl alcohol, 
which has a relatively larger vapor pressure, operating temper- 
atures were restricted to values below 16~. 

The high speed motion pictures of the periodic formation 
of gas bubbles revealed that the process of formation of a 
given bubble may be divided, for convenience, into the follow- 
ing two stages, each characterized by a certain period of time: 

1. Beginning with the Instant of detachment of a certain 
bubble, there was a period of time, referred to here- 
inafter as the "lapse time," during which there was 
gas flow into the reservoir or ante-chamber which 
supplied the orifice but no bubble (or convex inter- 
face) being formed at the orifice. The pressure in 
the ante-chamber Increased during that time until a 
level was reached which initiated the formation of 
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the bubble under consideration.' 
2. During what has been termed the "total formation time" 

the gas bubble increased in volume as gas flowed from 
the orifice into the bubble until It was detached from 
the orifice. The "total formation period" was therefore 
defined as the interval of time between the instant when 
the meniscus became visible above the orifice and the 
instant when the bubble was visibly detached from the 
orifice. 

The total time associated with the formation of a given bubble 
is the sum of the lapse time and total formation time and is, of 
course, the reciprocal of the bubble frequency. The timing marks 
on the high speed motion pictures enabled an accurate determina- 
tion of the lapse and total formation times for any given bubble. 

It was found that for steady state operating conditions at 
a fixed mean gas flow rate, the frequency of formation of gas 
bubbles was reasonably constant, though small variations In the 
lapse time and total formation time of successive bubbles were 
observed (5 f 2$). The variation was probably due to small ran- 
dom changes In the motion of the liquid surrounding the bubbles 
as they formed and ascended from the orifice. An avera e 
lapse times and the total formation times for a series 7 

of the 
usually 

5) of consecutive bubbles was computed as representative of the 
particular steady state operating conditions. Reference here- 
after to lapse time and total formation time should be taken to 
indicate the average values for a given run unless stated other- 
wise. In a few cases where the random variation of lapse and 
total formation times was large (> f 5%), the average was com- 
puted for 10 consecutive bubbles. 
(2 10 cms/sec in water), 

At higher mean gas flow rates 
an ordered variation of the lapse and 

total formation times, sometimes referred to as doubling and 
tripling (5,6) was observed. In such cases, there was a cyclic 
process of forming bubbles of two or three distinct types. For 
example, In the case of doubling, a bubble referred to as type 1 
would be formed followed by a bubble of type 2 and then type 1 
and so on. The lapse time and total formation time of a given 
type of bubble exhibited only a small, random variation about 
some average as previously mentioned In regard to the formation 
of a single type of bubble. Average values of the lapse and 
total formation times for each type of bubble were computed. 
Overall averages for the lapse and total formation times were 
also determined with equal weighting of each type of bubble. 
When such doubling or tripling occurred the overall average val- 
ues were taken as representative of the particular steady state 

'The termination of the lapse time has been defined as the in- 
stant when the meniscus first becomes visible above the orifice 
plane as observed on the high speed photographs. That definition 
is somewhat arbitrary because of the difficulty in detecting a 
minute motion of the meniscus. 
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operating conditions. However, care was taken in the choice of the 
operating conditions such that a single type of bubble was formed 
in most oases. 

Since the mass flow rate of gas through the system was held 
constant for a given experiment and all of the gas entering the 
system was injected into the bubbles, the average mass of gas in 
a bubble was computed as the product of the mean mass flow rate 
of gas and the average total bubble time. The significance of 
the total formation time in regard to bubble formation with heat 
transfer was for determining the rate of energy transfer to a 
bubble. 

Experiments for measuring all quantities pertinent to bubble 
formation were conducted both with and without heat transfer. 
Bubble formation with heat transfer, referred to hereinafter as 
"non-isothermal" bubble formation, was characterized by the exis- 
tence of a significant difference between the temperature of the 
liquid, TL, 
TifT >T ). 

and the temperature of the gas entering the bubble, 

as " so t i 
Bubble formation without heat transfer, referred to 

heraal" bubble formation, was obtained by maintaining 
thermal equilibrium between the liquid and the gas entering the 
bubble fT =T 1. The results of the analysis in Section 3 show 
that the ac 2 i that TL equals Ti does not ensure that the temper- 
ature of the gas in a bubble is constant during its formation. 
In fact, it is further shown that the strict attainment of the 
condition of isothermal bubble formation requires a certain amount 
of energy transfer to and from the gas in a bubble in accordance 
with the work done by or on the bubble as it forms. However, the 
magnitude of such energy transfer is small, and the net energy 
transfer for the entire formation period is essentially zero. 
Consequently, from the experimental point of view, bubble forma- 
tion under the condition of overall thermal equilibrium, TL = Ti, 
was assumed to be isothermal and, for all practical purposes, 
without heat transfer. 

An experimental run was conducted as follows: 
1. The heat exchanger was filled with the fluid appro 

P 
riate 

for the type of bubble formation to be observed. Liquid 
nitrogen for the non-isothermal case; water for the iso- 
thermal case) 

2. The mass flow rate of gas through the system was set at 
a predetermined value which remained constant throughout 
the run. 

3. The liquid container was filled with the desired liquid 
to a depth of 5 to 8 cm above the orifice. 

4. Allowing a short interval of time to ensure steady state 
operation, the values of the gas mass flow rate, orifice 
inlet temperature, liquid temperature, and liquid head 
were recorded simultaneously while taking high speed 
photographs of the bubble formation process. 



Experiments were conducted at selected values of gas mass flow 
rate over the maximum range giving steady, periodic bubble forma- 
tion. The variation of the gas mass flow rate provided a range 
of the size of bubble produced. The use of orifices of 0.159 
cm and 0.0795 cm in diameter and the use of plexiglass and teflon 
for constructing the orifices also provided a variation in the 
average total formation time. Such variation was considered 
essential since it was expected that the energy transferred to a 
bubble would be significantly influenced by the size of the bub- 
ble, the total formation time, and the rate of mass flow into the 
bubble. 

For a given experimental run, the recorded data enabled the 
determination of: 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

TL = liquid temperature 

Ti = orifice inlet temperature 

I$ = steady state mass flow rate of gas 

t1 = average lapse time1 

tf = average total formation time1 

tt = t1 + tf = average total bubble time 

mb = tt x h, = average terminal bubble mass 

Pb = Patm + Phydrostatic + Psurface tension = static bub- 
ble pressure 

Vb = average terminal bubble volume 

isothermal: 
vb = mbRTL 

'b 

non-isothermal: 1 
In the case of the non-isothermal experiments, those primary 
quantities were used to calculate the mean temperature of the 
gas in the bubble at the end of the bubble formation period. 
Thus, 

PbVb 
Tb= ‘iT - = mean terminal bubble temperature. 

mb 
f2.11 

'From the high speed motion pictures for five consecutive bubbles. 
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The fraction of the overall temperature difference remaining after 
bubble formation, referred to as the "unaccomplished temperature 
ratio", was determined as 

Ye = TL - Tb 

TL - Ti 
(2.2) 

The amount of energy transferred to a bubble during the time of 
formation was calculated by means of the following equation, de- 
rived in Appendix III, 

E = mb Cl? fTb - Ti) (2.3) 

where c = constant pressure specific heat of the gas. 
It Is ,811, recognized that such an expression is based on the 
assumption that the energy transferred to the gas as it flows 
through the orifice is negligible. The amount of energy trans- 
ferred to the gas as it flows through the orifice may be esti- 
mated on the basis of a heat transfer coefficient for the entrance 
region of a tube. It can be shown (44) that the increase in gas 
temperature in flowing through the orifice (Tb bble 
as much as 1OC for most conditions, it 

-Ti) may be 
and possibly as 8gh as 30C 

for the extremely low gas flow rates. Such temperature changes 
are really not of negligible magnitude. However, in view of the 
uncertainty in predicting the entrance region heat transfer co- 
efficient, a correction for the change in gas temperature in 
flowing through the orifice was not introduced. Care was taken 
to minimize the length of the orifice channel fN 2 D ) consistent 
with the requirement that no liquid leak back into tke ante-cham- 
ber. The orifice wall temperature was also kept at a minimum by 
maintaining the level of the liquid nitrogen around the base of 
the orifice body. The energy transfer to the gas in the bubble 
computed by means of equation 2.3 is referred to hereinafter as 
the "heat transfer during bubble formation" while recognizing 
the aforementioned limitation. 

An average heat transfer coefficient for the bubble forma- 
tion period was computed using equation 2.3 for the amount of 
energy transferred, a time-integrated average bubble surface area, 
and a log-mean temperature difference. Figure 4 illustrates cne 
such plot from which a time-integrated average surface area, A, 
was calculated. For each non-isothermal run, the average heat 
transfer coefficient was calculated by 
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h= 
mb c (Tb - Ti) 

tf B 
ITL-T$-ITL-Tb) 

TL-Ti 
ln q?q 

which readily simplifies to 

Ii= 
mb cp In I+) 

e 
tf x 

f2.4) 

It was mentioned previously that experimental data were 
obtained for bubble formation under isothermal conditions and 
non-isothermal conditions. The experimental results for each 
type of bubble formation are presented individually in the two 
sub-sections that follow. A complete discussion of the results 
is presented in Section 4. 

The experimental data pertaining to the details of bubble 
formation are presented individually in Section 2.4 and also 
discussed in Section 4. 

2.2 Results for Isothermal Bubble Formation 

In order to be able to isolate the effects of heat transfer 
on the bubble formation process, it was considered essential to 
determine initially the general bubble formation characteristics 
of the apparatus without any significant heat transfer to the 
gas bubbles. Such a condition could be obtained by maintaining 
thermal equilibrium between the liquid and the gas entering the 
bubble, fTL = 
formation. 

Ti), previously referred to as "isothermal" bubble 
The bubble formation characteristics of a specific 

apparatus depend upon fa) the gas flow rate, fb) the physical 
properties of the liquid, fc) the orifice size, and fd) the vol- 
ume of the ante-chamber fsee Section 1.1.1). A convenient method 
of representing the bubble formation characteristics for a given 
liquid, orifice size, and ante-chamber volume is by means of the 
terminal volume of the bubbles formed as a function of the mean 
volumetric gas flow rate fthe gas density does not significantly 
influence the process of bubble formation; see Section 1.1.1). 
It is necessary, in addition, to provide information regarding 
the total formation time and the lapse time; and those are also 
presented in the foregoing as functions of the steady state gas 
flow rate. 
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The physical properties of the liquid, particularly the 
viscosity and surface tension, can have an influence on the ter- 
minal volume of the bubbles produced for a given mean flow rate 
(7,251 l however, with the operating temperature of the liquid 
being the same for both the isothermal and non-isothermal cases 
in the present Investigation, the physical properties of the 
liquid phase remained constant for each liquid; and their effect 
on the bubble formation process was expected to be essentially1 
the same for both the isothermal and the non-isothermal caLes. 

As was mentioned previously, experimental data were obtained 
using distilled water and ethyl alcohol as liquids and dry nitro- 
gen as the gas, while employing orifices made from plexiglass and 
teflon. The various combinations of operating conditions employed 
both in the isothermal and the non-isothermal cases are presented 
in Table 1. The isothermal bubble formation characteristics of 
the various systems are discussed individually In the remainder 
of this section. 

Table 1 

Systems for Bubble Formation 

System Liquid Gas Orifice Del ml - 
I Dist.water 4 plexiglass 0.159 cm 2 

II Dist.water % teflon 0.159 cm 2 

IX1 Ethyl Alcohol N, teflon 0.159 cm 2 

IV Dist.water 4 plexiglass 0.0795 cm 2 

Figure 5 illustrates the formation of a bubble under isother- 
mal conditions, employing system I f see Table 11, as observed by 
means of high speed photography. Figure 6 shows a plot of the 
bubble volume as a function of the normalized formation time ob- 
tained from the photographs illustrated in Fig. 5. The case 
illustrated was for qi = 3.2 cm3/sec. , 

'Such would not be the case where an overall temperature differ- 
ence for heat transfer was produced by heating the liquid. 
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Figure 7 illustrates a plot of the average terminal bubble 
volume, vb, as a function of the mean volumetric gas 
for the isothermal bubble formation employing System I. 
be seen, there existed a linear relationship between vb and C& over 
the range of flow rates which was found to result in the steady, 
periodic formatfon of a single type of gas bubbles. Above a flow 
rate of approximately 8.5 cm"/sec an alternate formation of two 
distinct types of bubbles (doubling) was observed. The investi- 
gation was restricted to the range of ii wherein a single type of 
bubble was formed. 

The bubble formation characteristics of the aforementioned 
system (1) are further illustrated in Figs. 8 and 9 which present 
the average total formation time, tf, and the average lapse time, 
t1, as functions of the mean gas flow rate. It is interesting to 
note that 
increasing 

tf.was very nearly constant, decreasing slightly with 
Surnrisingly the terminal volume of the bubbles 

produced wasq&ssentially indeiendent of the time required for the 
formation of the bubbles as seen by a comparison of Figs. 7 and 8. 
For the range of flow rate of 2 to 7 cma/sec, the terminal bubble 
volume increased by 94$, whereas the total formation time decreased 
by less than 11%. 

As previously defined, the lapse time, tl, depicts the inter- 
val of time during which the pressure in the ante-chamber increased 
to a level sufficient to initiate the formation of a bubble. Con- 
sequently, t1,i.s plotted as a function of the mean mass flow rate 
of the gas, 111, since the increase in the ante-chamber pressure 
xas dependent upon the mass of gas stored therein. If one con- 
siders the isothermal flow of a perfect gas into the "closed" 
ante-chamber,1 the rate of change of 

dpc ET dm 
dt-= I_- V, dt 

Since the mass flow into the system was constant, 

dpc -rTrc 
--- 
dt -Vc 

ij, = constant 

From the preceding expression it is apparent that the time re- 
quired to increase the ante-chamber pressure to the level suffi- 
cient to initiate bubble formation is given by 

'Since there was no bubble formin g during the lapse time the ante- 
chaimber was essentially closed to outflow during that time. 
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v, 5= XT pf 

C % 
(2.5) 

where 

pf = increase in ante-chamber pressure required to initiate 
bubble formation 

. 
wi = steady state gas mass flow rate 

v, = volume of the ante-chamber 

T, = temperature of gas in the ante-chamber 

H = gas constant 

l?com equation 2.5, one expects the lapse time for a given system 
to vary according to 

pf t1 a - 
ti 

(2.6) 

The inverse dependence of tl on Wi is illustrated in Fig. 9. Ad- 
ditional data for flow rates beyond the range of interest 
fWi > g x 10-a gm/sec) have been included to illustrate that t 
decreased nearly to zero as Wi was increased. It should be po # nted 
out that pf would be expected to depend upon the liquid being used 
in relation to its wetting characteristics, the orifice size, and, 
perhaps, the mean gas flow rate. 

Fi ures 
s 

10, 11, and 12 similarly illustrate the isothermal 
bubble ormation characteristics for System II (see Table 1). 
Figure 10 shows that the range of qi for which there was a linear 
relationship between Vb and qi was approximately 3 to 6.5 cm3sec. 
Above a flow rate of approximately 6.5 cti/sec the alternate forma- 
tion of different types of bubbles [doubling) was observed. A 
comparison of Figs. 7 and 10 illustrates that the difference in 
the material with which an orifice was constructed resulted in as 
much as a 25 percent change in Vb; however, the change of Vb with 
qi was essentially the same. 

It can be observed in Fig. 11 that the total formation time 
for System II exhibited a much stronger dependence upon qi than 
was observed for System I. The purpose of employing orifices 
constructed of different materials was indeed to enable such var- 
iation in the types of bubble formation observed. 

The inverse dependence of the lapse time, tl, upon the steady 
state mass flow rate, Wi, was again observed as illustrated in 
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Fig. 12. Comparing Figs..9 and 12, it is observed that the mag- 
nitude of tl for a given WI also depended upon the orifice material 
through its influence on the increase in ante-chamber pressure re- 
quired to initiate bubble formation. The teflon orifice, which 
apparently was not wetted by water, resulted in a 
that for the plexiglass orifice (apparently wetted P 

f smaller than 
. (see dis- 

cussion in Section 2.4.2). . 
Further variation in the type of bubble formation was obtained 

by employing System III (see Table 1). Because of the relatively 
higher vapor pressure of ethyl alcohol, the isothermal experiments 
were conducted with the liquid and gas maintained at l6C in order 
to insure a negligible transfer of liquid vapor to the gas bubbles. 
In general, the process of bubble formation in ethyl alcohol was 
much less regular than that in water. The variation of tf for the 
individual bubbles from the average value of tf was less than f 2 
percent in ethyl alcohol, which was comparable to that observed 
for the previous systems with water. However, the variation of tl 
for the individual bubbles from the average value of tl was as 
high as f 20 percent. Such characteristics may probably be attrib- 
uted to the low value of surface tension for ethyl alcohol. 

Figure 13 illustrates the variation of the average terminal 
bubble volume with the flow rate. The variation, as may be ob- 
served, is linear similar to the relation for the other systems. 
The alternate formation of different types of bubbles (doubling) 
was observed at a flow rate as low as 3.4 cm"/seo. 

0 
MEAN 
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I I I 
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Figure 14 shows that the bubble formation performance of 
System III was markedly different from that of System II (Fig. 11) 
due to the different liquid employed. For System III, tf was 
practically constant over the range of 1 to 5.8 cma/sec. Upon 
comparisonof Figs. 8 and 14, one observes that the values of tf 
for the teflon orifice in ethyl alcohol (System III) were nearly 
equal to those for the plexiglass orifice in water (System I). 
One may perhaps attribute that to the fact that ethyl alcohol, 
with its low surface tension, may have wetted teflon in the same 
manner as water wetted plexiglass. 

Figure 15 shows the inverse dependence of the lapse time, 
on the mean gas mass flow rate for System III. Overall average 

tl, 

values of tl are plotted, but as previously mentioned there was 
considerable variation from bubble to bubble. 

The general bubble formation characteristics of the appara- 
tus employing a 0.0795 cm diameter orifice, System IV (see Table 
1), are not presented, but the quantitative heat transfer data 
obtained with that orifice are included in Section 2.3.2. The 
experimental data for isothermal bubble formation presented il- 
lustrate the characteristics of the apparatus for forming bubbles 
for the three different systems. These data will be used as the 
norm for comparison with similar data obtained under non-isothermal 
conditions to determine the effect of heat transfer on the forma- 
tion of gas bubbles. 

2.3 Results for Non-Isothermal Bubble Formation 

The primary purpose of the investigation was to determine 
what effect the non-isothermal conditions had upon the temperature 
of the gas in the bubble and upon the general formation of the 
bubble. The mean temperature of the gas in a bubble was deter- 
mined by employing the technique described in Section 2.1.3. 
Since the gas bubbles formed under non-isothermal conditions 
were formed using the same apparatus as that for obtaining the 
isothermal data reported in Section 2.2, and since the liquids 
utilized for obtaining the non-isothermal bubble formation data 
had the same physical properties as those utilized for obtaining 
the isothermal bubble formation data, the differences between the 
bubble formation characteristics for non-isothermal and isothermal 
bubble formation were attributed entirely to the heat transfer to 
the bubbles.' All of the different types of bubble formation 

'As noted in Section 1.1.1, the difference between the temperature 
of the gas in the ante-ch&ber for the isothermal and non-iso- 
thermal cases does not affect the characteristics of the apparatus. 
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conditions, as described in Section 2.2, Table 1, were investigated 
under non-isothermal conditions to determine the influence on the 
heat transfer to the bubbles of the parameters pertinent to the 
processes occurring within the bubbles. 

The experimental results for the investi 
7 

ation of non-isothermal 
bubble formation are presented in two parts: a) the general bubble 
formation characteristics which, when compared with the results in 
Section 2.2, indicate the effect of heat transfer upon bubble forma- 
tion, and lb) the quantitative heat transfer data indicating the 
change in temperature of the gas in the bubble during formation 
and the rate of heat transfer to the bubble as it formed. 

2.3.1 General Bubble Formation Characteristics 

Figure 16 presents a plot of the average terminal bubble 
yolume, V ,l 
qi, for t B 

as a function of the mean volumetric gas flow rate, 
e case of the non-isothermal formation with System I 

(see Table 1). The mean volumetric gas flow rate was based on 
the temperature tN 150X) of the gas entering the orifice. With 
the water maintained at 21 C, the overall temperature difference 
(TI-Ti) was approximately 144C (260F). The dotted line in Fig. 
16 represents the experimental data obtained with System I under 
isothermal bubble formation ll?i.g. 7); and, as can be seen, Vb 
was considerably larger for the non-isothermal case. The linear 
relationship between Vb and qi was still present in the non- 
isothermal case, with the bubble formation being regular and the 
bubbles very nearly of spherical shape over the entire range of 
flow rates considered. Figure 17 illustrates the formation of 
a bubble under non-isothermal conditions as observed by means of 
high speed photography. Figure 18 shows a plot of the bubble 
volume as a function of the normalized total formation time ob- 
tained from the photographs illustrated in Fig. 17. The case 
illustrated was for qi = 3.1 crn3/sec. 

At this point it is interesting to consider the volume which 
the bubbles obtained during the non-isothermal formation would 
occupy if there had been no heat transferred to the gas bubbles 
as they formed (i.e., no thermal expansion). The value of the 
"unheated" bubble volume is calculated, for example, as the 
volume that a given bubble mass would occupy if there was no 
change in the temperature of the gas in the bubble during the 
time of formation.2 Thus, 

vi = Ti 
'b T (2.7) 

1 Obtained by means of high speed photography as described in App. T-r-r 
2 

ILL. 

It was assumed that there was no change in the gas temperature 
in flowing through the orifice. 
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where 

vi = "unheated" bubble volume 

v,, = terminal bubble volume obtained for non-isothermal 
formation 

Ti = absolute temperature of gas entering the orifice 

Tb = calculated mean temperature of the gas in Vb (see 
equation 2.1) 

A plot of the calculated "unheated" bubble volume, Vi, as a 
function of qi is presented in Fig. 19. The actual experimental 
data obtained under the isothermal conditions given earlier in 
Fig. 7 are also shown in Fig. lg. As can be seen, the calculated 
unheated bubble volume for a given value of mean volumetric gas 
flow rate was not markedly different from that obtained under 
Isothermal conditions. Below a flow rate of approximately 3.2 
cms/sec, the calculated values for Vi were less than the ISO- 
thermal values for Vb by as much as 35 percent at the lowest flow 
rate. For flow rates above 3.2 cms/sec, Vi was somewhat larger 
but was within 10 percent of Vb 

iso' 
Thus, the volume of gas 

passed through the orifice into the bubbles in the non-isothermal 
case was not markedly different from the volume of gas passed into 
the bubbles in the isothermal case for sufficiently large volu- 
metric flow rates. 

At the point of intersection of the two curves In Fig. 19 
(ii - 3.2 cma/sec), the volume of gas passed from the ante-cham- 
ber into the bubbles in the non-isothermal case was exactly equal 
to the volume of gas passed Into the bubbles in the isothermal 
case. It was then assumed that at a mean gas flow rate of ap- 
proximately 3.2 cma/sec, the instantaneous volumetric rate of gas 
flow into the bubbles was also approximately the same for both 
the non-isothermal and isothermal cases. The experimentally 
determined value of bubble volume as a function of time during 
formation for isothermal and non-isothermal formation were given 
in Figs. 6 and 18, respectively, for a mean volumetric gas flow 
rate of approximately 3.2 crG/sec. Those data are presented 
together in Fig. 20 for convenience. The difference between the 
instantaneous values of the bubble volumes in Fig. 20 can there- 
fore be attributed to thermal expansion due to heat transfer in 
the non-isothermal case. 

The average total formation time with System I Is presented 
as a function of 4 

t 
1 in Fig. 21. The dotted curve represents the 

data obtained for he same system under isothermal bonditions 

'hraluated at the temperature of the gas entering the orifice. 
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(see Fig. 8). It is apparent that the total formation time for 
the non-isothermal conditions was approximately 7 to 10 percent 
larger than for the isothermal conditions, while decreasing 
slightly with increasing qi. 

SYSTEM I 
k 0.015 I 
i= 0 2 4 6 8 

MEAN GAS FLOW RATE- CM3/SEC 

FIG.2 I TOTAL FORMATION TIME FOR ISOTHERMAL AND 
NON-ISOTHERMAL FORMATION ( SYSTEM I ) 

Figure 22 demonstrates qualitatively that the lapse time was 
dependent upon changes in the ante-chamber pressure. The dotted 
line again represents the data for isothermal formation (Fig. 9). 
The difference between the values of the lapse time, for a given 
mean mass flow rate, for the non-isothermal and the isothermal 
cases is, of course, due both to the changes in the pressure in 
the ante-chamber and to the, different absolute temperatures of 
the gas in the ante-chamber. Note that the gas in the non-isother- 
mal case was precooled about 144C (260F) below the temperature of 
the gas for the isothermal case. 

Results similar to those just discussed for System I were 
also obtained for the two other bubble formation systems, II and 
III, (see Table 1). 
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Figures 23 and 24 present the data obtained for the non- 
isothermal formation employing System II tTi - 122K; TD - 21C), 
with an overall temperature difference of approximately l72C 
(3lOF). The terminal bubble Volume, Vb, is,pr sented as a func- 
tion of the mean volumetric gas flow rate, ql, 7 in Fig. 23. The 
data obtained for Isothermal bubble formation (from Fig. 10) as 
well as the "unheated" bubble volume, Vi, are also illustrated 
for comparison. As before, the terminal bubble volume for the 
non-isothermal case was considerably larger than that obtained 
for the isothermal case for a given value of qi. The linear 
relationship between Vb and q1 is apparent. However, the cal- 
culated values of the unheated" bubble volume were considerably 
less, by as much as 41 percent at the lowest flow rate, than the 
values of V obtained under isothermal conditions for most of 
the range o F q . 

t 
Furthermore, it was observed that above a flow 

rate of approx mately 4.5 cms/sec (7 cms/sec for the isothermal 
case) an alternate formation of two types of bubbles (doubling) 
occurred. 

Figure 24 illustrates the total formation time, tf, as a 
function of 61 for both the non-isothermal and isothermal (Fig. 
11) cases for System II. 
trend of variation of t 

Each-case exhibits the same general 

thermal case was consis e 
with qi; however, tf for the non-iso- 

ently 9 percent (approximately) smaller 
than that for the isothermal case, a trend opposite to that for 
System I. 

The results for the non-isothermal formation of nitrogen 
bubbles in ethyl alcohol, System III (see Table l), are presented 
in Figs. 25 and 26. In that case, an overall temperature differ- 
ence of approximately 150C (27OF) was obtained with an orifice 
inlet temperature of Ti - 139X and a liquid temperature of TL - l6C. 

As in the previous cases, Fig. 25 shows that the terminal 
bubble volume for non-isothermal bubble formation in ethyl alco- 
hol was considerably lar er than that obtained under isothermal 
conditions (from Fig, 13 7 apparently due to the thermal expansion 
in the former case. AgaiL,-it was found that in the non-isothermal 
bubble formation the flow rate at which the alternate formation 
of two types of bubbles commenced was lower-than that for the 
isothermal case. Doubling was observed at q1 - 2 cma/sec in the 
non-isothermal case. In general, the non-isothermal bubble 
formation in ethyl alcohol was very Irregular compared to that 
in water, as mentioned in Section 2.2. It is also shown in Fig. 
25 that the calculated "unheated" bubble volume was consistently 
less than the isothermal bubble volume by as much as 10 to 25 
percent. 

1 Based on the temperature of the gas entering the orifice. 
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Figure 26 illustrates that the average total formation time 
for the non-isothermal bubble formation remained approximately 
constant throughout the range of qi, as for the isothermal case 
(from Fig. 141, and was approximately 6 to 7 percent higher. 
The same trend was observed in System I. 

The general bubble formation characteristics of t e appara- 
tus employing a 0.0795 cm diameter orifice, System IV P (see Table 
11, are not presented; but the quantitative heat tran'sfer data 
obtained with that orifice are included in Section 2.3.2. 

The aforementioned results pertaining to the general char- 
acteristics of non-isothermal bubble formation for the three 
systems considered indicate the following differences between 
non-isothermal and isothermal bubble formation while the appara- 
tus characteristics were held substantially identical in the two 
cases. 

1. The thermal expansion of the gas in a bubble as a result 
of heat transfer during bubble formation in the non- 
isothermal case increased the effective volumetric rate 
of growth of the bubble above that in the isothermal 
case. Irregularities in the bubble formation process 
occurred at lower values of mean volumetric gas flow 
rate in the non-isothermal case than in the isothermal 
case. 

2. The calculated volume of gas passed through the orifice 
into the bubbles under non-isothermal conditions was 
less than the volume of gas passed into the bubbles 
under isothermal conditions at low mean volumetric gas 
flow rates and approached the values observed under 
isothermal conditions at the higher gas flow rates. 

3. The total bubble formation time under non-isothermal 
conditions was found to be approximately 5 to 10 per- 
cent larger than that under isothermal conditions using 
Systems I and III. It was approximately 10 percent less 
for the non-isothermal case using System II. 

2.3.2 Iieat Transfer Data 

The quantitative results pertaining to the heat transfer to 
a gas bubble during the period of formation are presented in 
terms of (a) the change in temperature of the gas in a bubble 
during the time of formation and lb) an average convective heat 
transfer coefficient for the period of bubble formation. The 
average convective heat transfer coefficient was particularly 
useful for the analytical calculations presented in Sections 
3.3.3 and 3.4.2. 
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Figure 27 illustrates the order of magnitude of the change 
in bubble gas temperature during bubble formation observed for 
the Systems I, II, and III previously discussed. 
temperature ratio X = T 
bubble gas temperature 3 $ 

-T /TI,-Ti, 
The accomplished 

representing the change in the 
ur ng formation as a fraction of the over- 

all temperature difference, is plotted as a function of the mean 
volumetric gas flow rate (based on Ti). As can be seen, the 
three systems exhibited the same general trend, with X reaching 
a maximum at a low value of qi and then decreasing with increasing 
q 

2i 
to an approximately constant value. It is apparent that the 

c ange in the temperature of the gas in a bubble during bubble 
formation was as high as 85 percent of the overall temperature 
difference available and in all cases considered was at least 
55 percent of the overall temperature difference. Thus, for 
overall temperature differences of approximately 140 to 1650, the 
energy transfer to the bubbles during the period of bubble forma- 
tion was quite significant. 

The value of X at the large flow rates was approximately 10 
to 15 percent higher for System II than for Systems I and III. 
That may have been due to the fact that the total formation time 
for the bubbles produced with System II was larger (10 percent 
or more) than that of the other two systems (see Figs. 21, 24, 
and 26). 
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The results presented in Fig. 27 in terms of the mean volu- 
metric gas flow rate for a given bubble formation system are also 
presented in terms of parameters pertinent only to the bubbles in 
Fig. 28. The heating of a gas bubble during its period of forma- 
tion at an orifice ?ras considered somewhat analogous to the tran- 
sient heating of a submerged object. Consequently, Fig. 28 illus- 
trates the "unaccomplished temperature ratio", Y = TL-Tb/TL-Ti, 
for the bubbles, as a function of the dimensionless 
Fourier modulus 

where 

a = thermal diffusivity of the gas in the bubble 

%l= mean bubble radius for the bubble formation period. 

Because of the significant variation of the density of the gas in 
the bubble with temperature, ~1' was evaluated at a mean temperature, 

Tm 
Tb+Ti 

=-. 2 The radius of the bubble, R, of course varied through- 

out the bubble formation period due to the mass addition through 
the orifice and the thermal expansion of the gas in the bubble as 
a result of the heat transfer. Consequently, it was convenient 
to introduce a mean bubble radius, 
of bubble formed. 

Rm, to characterize the size 
The mean bubble radius was taken as the radius 

of yn equivalent sphere of volume equal to the unheated volume, 

;iY 
Thus, Rm characterizes the "unheated" volume of gas passed 

rough the orifice into the bubble. This representation makes 
it possible to employ the present data to estimate the change in 
the temperature of the gas in a bubble during the period of bub- 
ble formation knowing only the "unheated" bubble volume and the 
total formation time. The unheated bubble volume can, of course, 
be readily determined from a knowledge of the mass of gas per 
bubble and the gas inlet temperature. 

Figure 28 includes data obtained for ,Systems I, II and III 
and also for System IV [see Table 1). Those systems represent a 
considerable variation in bubble size, total formation time, and 
flow into the bubble. There was considerable scatter of the data 
which was probably the result of employing a mean radius to char- 
acterize the continuously varying size of the bubbles. 
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The solid line presented in Fig. 28 represents the analytical 
solution for Y as a function of Fo for the transient heating of a 
rigid sphere with negligible external resistance. As can be seen, 
the unaccomplished temperature ratio for the gas bubbles was con- 
siderably less than that predicted for a rigid sphere, which ap- 
pears to indicate that circulation of the gas in the bubbles must 
have had a significant influence upon the rate of energy transfer 
to the bubbles. 

The use of ethyl alcohol, with a thermal conductivity one- 
third that of water, did not significantly influence the heating 
of the gas bubbles. One would expect that the gas-side thermal 
resistance was the controlling factor. 

An average convective heat transfer coefficient for the bubble 
formation period was determined in the manner described in Section 
2.1.3, equation 2.4. For the-various bubble formation systems 
and gas flow rates employed, h was found to var 

3 
from 2.4 x 1O-3 

to 5.3 x 10-a cal/sec-cm2-C (18 to 39B/hr-ft2-F , while the over- 
all energy transfer rate t the bubbles 
the order of 0.25 cal,/sec. P 

during formation was of 
Such rates of energy transfer were 

still sufficient to cause a significant change in the temperature 
of the gas in a bubble during the period of formation due to the 
small energy capacity of the gas bubbles formed. 

The values of the average heat transfer coefficient for the 
bubble formation period may be correlated in terms of the follow- 
ing variables: 

Fi = average convective heat transfer coefficient for the 
bubble formation period. 

z = mass velocity (M/VT) of the gas stream entering the 
bubble. 

L = characteristic dimension of the bubble 

~1, = dynamic viscosity of the gas 

cPg= constant pressure specific heat of the gas 

kg = thermal conductivity of the gas 

Since Ii was determined as an average for the total bubble forma- 
tion time, all other parameters were represented by mean values 

'The heat transfer coefficient was of the same order as that in- 
dicated by analagous mass transfer data. See Section 1.1.2. 
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for the same period. The rate of mass flow into the bubble was 
found to vary throughout the period of bubble formation. Conse- 
quently, a mean value of the mass velocity of the gas stream 
entering the bubble was determined by 

iii = mb 
tf *o 

(2.8) 

where 

mb = terminal bubble mass 

tf = total formation time 

A, = orifice cross-sectional area 

Similarly a mean value for the characteristic dimension of the 
bubble was determined for convenience by 

L= 2Pm = d, = 2 I& viy3 = diameter of an equivalent 
spherical bubble of volume 
equal to the "unheated" 
bubble volume. 

The variables m and d, characterized the degree of mixing of 
the gas within the bubble which was a result of the momentum of 
the gas stream entering the bubble. 

The conduction of energy within the bubble was considered to 
be negligible in vie?: of the mixing therein, except in a thin 
layer adjacent to the gas-liquid interface. The thermal conduc- 
tivity of the gas was included since, as mentioned earlier, it 
was expected that the gas-side thermal resistance was the con- 
trolling factor. 

The aforementioned variables were combined into the follow- 
ing groups by standard dimensional analysis techniques: 

n, = ( 
iii dm 
----I 
I-let 
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These dimensionless groups represent the familiar Stanton, Reynolds, 
and Prandtl numbers. Thus, 

7rl = -= St Re Pr 

7ra = Re 

=3 = Pr 

Figure 29 illustrates a plot of St as a function of Re, including 
the experimental data for Systems I, II, III, and IV (see Table 1). 
The effect of the Prandtl number is not clearly demonstrated, 
since, with the use of nitrogen gas throughout the experiment, 
there was no significant variation in Pr. Despite the scatter of 
the data, it is significant to note that all the heat transfer 
results are correlated with f 25 percent by the expression 

& = 26.9 Re -0.884 (2.11) 

Figure 29 includes data obtained with 
1. orifices 0.159 cm and 0.0795 cm in diameter 

:: 
orifices made of plexiglass and teflon 

4. 
distilled water and ethyl alcohol 
mean gas flow rates varying from 2.25x10-3 to 12.7x10-3 
.gm/sec. 

The reasonable correlation of the data, obtained from such a 
variety of conditions, by equation 2.11 indicates the feasibility 
of presenting the heat transfer data in terms of parameters per- 
tinent only to the bubble formed and the flow into it. 

The effect of the degree of mixing within the bubble upon 
the average heat transfer coefficient is illustrated by equation 
2.11, noting that 

LY 
0.12 

m 
d 
m 

For a bubble of a 
expect the mixing 
velocity into the 
ceding expression 

given mean size [d = constant), one would 
within the bubble 90 increase as the mass 
bubble increased; and, accordingly, the pre- 
shows that H increases as E increases (more 

mixing). Similarly, for m = constant, the smaller the bubble, 
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or d,, the better the mixing and the larger the h, as shown by 
the preceding expression. 

Equation 2.11 was employed for determining an average heat 
transfer coefficient for the bubble formation period used in the 
analytical computation discussed in Section 3.4.2. Such compu- 
tations enabled a prediction of the change in the temperature of 
the gas in a bubble during the bubble formation period for selected 
non-isothermal conditions. 

2.4 Details of Bubble Formation 

An auxiliary investigation of the process of bubble formation 
was conducted utilizing the apparatus described in Section 2.1.2. 
The primary purpose of the investigation was to determine the act- 
ual non-steady rate of mass flow into a bubble at an orifice 
supplied by a given ante-chamber for a given mea 
(see also Section 3.3.1, equation 3.13). The 

gas flow rate 

provided some information concerning the 
chamber pressure prior to the initiation of the'formation of 
SucCeSsive bubbles and the effect of the volume of the ante-chamber 
on the terminal volume of the bubbles produced. 

2.4.1 Mass Flow into a Bubble 

The instantaneous rate of mass flow into a bubble was deter- 
mined by a mass balance on the ante-chamber supplying gas to the 
bubble via the orifice. Thus, 

Assuming that the gas is ideal, that the flow of gas through 
the ante-chamber is isothermal, and that the dimensions of the 
ante-chamber are such that the pressure is uniform throughout, 
the mass balance can be expressed as follows:1 

dm * V, d PC dt=wi---- - 
w Tc dt 

where 

m = instantaneous mass of the bubble 
. 
h'i = mass flow rate into the ante-chamber 

'Equation 2.12 is identical to equation 3.13, Section 3.3.1. 
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v, = volume of the ante-chamber' 

Tc = temperature of the gas in the ante-chamber 

li = gas content 

PC = pressure of the gas in the ante-chamber 

Since a sonic orifice was employed at the inlet to the ante- 
chamber, the ante-chamber volume, V,, was then the entire and only 
reservoir supplying gas to the bubble. Equation 2.12 was evalu- 
ated by the measurement of poft) for given conditions of mean flow 
and ante-chamber volume. 

The transient pressure p rt) in the ante-chamber was measured 
by means of a microphone mounded therein as described in Section 
2.1.2. A plot of the ante-chamber pressure referred to the 
pressure at the beginning of a cycle, 
as a function of time in Fig. 30. 

(p&J - pccO), is presented 
The origin of the time scale 

was chosen arbitrarily. Each cycle of the periodic function was 
associated with the formation of a bubble. 

Bigh speed motion pictures of the bubble formation process 
were obtained simultaneously in synchronization with the measure- 
ment of the transient ante-chamber pressure. Thus, it was possi- 
ble to correlate points on the pressure curve with events observed 
on the motion pictures. In particular, it was found that the 
detachment of a bubble from the orifice corresponded to the point 
of discontinuity in the slope of the pressure curve. Figure 31 
illustrates one cycle of p,(t) (from Fig. 30) with the lapse 
time and the total formation time clearly indicated for a bubble. 
It should be apparent that the transient pressure function used 
for evaluating equation 2.12 was that for the total formation 
time, for, by definition, there was no bubble visibly forming 
during the lapse time. By obtaining the slope of the pressure 

d*c curve, (- dt ), during the total formation time, the rate of mass 
flow into the bubble could be calculated from equation 2.12. 

It should be pointed out that the analysis in Section 3 con- 
siders the growth of a bubble during the interval of time between 
the instant when the bubble is a hemisphere of radius equal to 
that of the orifice (Rbubble = R, at ttheory = 0) and the instant 

1 From the sonic orifice to the orifice at which the bubbles were 
formed. 
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when the bubble detaches from the orifice. That time interval is 
referred to in Section 3 as the "formation time". It is slightly 
less than the "total formation time."1 The difference between 
the total formation time, tf, and the formation time, t$, referred 
to as the "start time," was readily determined from the high speed 
motion pictures of the growth of the bubble. 

The instantaneous mass flow rate into a bubble for a given 
+I9 v,, and p,(t) was calculated from equation 2.12 by means of 
a computer program described in Section 3.3.3. The computer pro- 
gram enabled the input of the varying values of pc and the cor- 
responding values of t for the bubble formation period. The slope 
of the pressure curve dpc/dt at any t was determined by means of 
a spline fit interpolation subroutine in the computer program 
which, subsequently, enabled the calculation of dm/dt from equa- 
tion 2.12. Figure 32 illustrates the instantaneous mass flow rate 
into the bubble normalized with respect to the steady mass flow 
rate into the system, W 

i!i i 
for the conditions specified in Fig. 

31. The variation of t rate of flow of mass into the bubble 
was quite significant. Figure 32 shows that initially rt/tf < 0.2) 
the mass flow rate into the bubble was less than the mass flow 
rate into the ante-chamber which resulted in a further increase 
in the ante-chamber pressure even as the bubble was being formed. 
(See Fig. 31 at start of formation time.) Such an increase in 
p, in the initial stages of formation was possibly required to 
overcome the inertia of the liquid which was being accelerated 
away from the orifice. As can be seen, the instantaneous rate 
of mass flow into the bubble increased to as much as 4.5 times 
the steady state value of the mass flow rate. 
portion of the formation period (t/t 

During the latter 

rate into the bubble became apparent y negative. f 
> 0.81, the mass flow 

9 

The transient ante-chamber pressures and the corresponding 
normalized mass flow rates for increasing values of mean gas 
flow rate (experimental runs l-103, 112, 115) are presented in 
Figs. 33, 34 and 35, respectively. All such data, including 
those/in Figs. 31 and 32, are for the same orifice size and ante- 
chamber volume. A comparison of the normalized mass flow rate 
plots in Figs. 33, 34, and 35 illustrates a remarkable similarity 
between the curves for the three different values of mean gas 
flow rate. The mass flow rate curve in Fig. 32, for the lowest 
mean flow rate, is considerably different from those in the 
aforementioned figures. 

IThe transient ante-chamber pressure and the corresponding 
normalized mass flow rate, obtained with a larger ante-chamber 
(experimental run I-1131, are presented in Fig. 36. By comparing 
Figs. 34 and 36, it can be seen that, for the same value of mean 

'See Section 2.1.2 for an exact definition of the total formation 
time. 
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gas flow rate, the use of a larger ante-chamber significantly 
altered the normalized mass flow rate curve. Furthermore, it 
can also be seen (Figs. 34 and 36) that a change in the volume 
of the ante-chamber, while all other parameters remained con- 
stant, altered the transient ante-chamber pressure characteris- 
tics. 

The preceding facts illustrate the effect of the coupling 
of the bubble formation mechanism with the fluid dynamic char- 
acteristics of the system supplying the gas to the orifice. 
The formation of a bubble is dependent upon the rate of flow 
of gas into the bubble which in turn depends upon the mean gas 
flow rate, the ante-chamber volume, and also the increase in 
ante-chamber pressure during the lapse time. 

The high speed motion pictures of the bubble formation pro- 
cess obtained in conjunction with the transient pressure measure- 
ments enabled the calculation of the volume of the bubble as a 
function of time during the formation period according to the 
technique described in Appendix III. Figure 37 illustrates the 
experimentally determined values of bubble volume as functions. 
of time during formation for the experimental runs I-98 and 
I-103. Those experimental curves are to be compared with an- 
alytically predicted values of V(t) in Section 4. 

2.4.2 Orifice and Ante-Chamber Effects 

Because of the coupling of the bubble formation process 
with the fluid dynamic characteristics of the system supplying 
the gas to the orifice, the flow processes occurring during the 
lapse time can have a significant influence upon bubble forma- 
tion. In particular, the increase in the ante-chamber pressure 
during the lapse time and the ante-chamber volume were observed 
to have a significant influence upon the terminal volume of the 
bubbles formed. Such an influence can be explained on the basis 
of the mass of gas stored in the ante-chamber during the lapse 
time just prior to the formation of a bubble. 

The increase in the ante-chamber pressure during the lapse 
time, referred to as the "excess pressure", p was determined 
from the measurements of the transient ante-c d knber pressure. 
For example;. in Fig. 31 the excess pressure can be 
be approximately 810 dyne/cm2 (12 millipsi). 

The variation of the terminal volume with the ante-chamber 
excess pressure is illustrated in Fig. 38 for four different 
mean gas flow rates and two values of ante-chamber volume. It 

observed to 

can be observed that the slope of the lines, for V, = 39.8 cm3, 
is essentially independent of the mean gas flow rate and has a 

80 



.I: 

.IC 

m, .OE 

‘i 

2 
3 .ot 0 > 

!3 
ii 
2 .04 

-02 

0 

RUN I-98 

5 IO I5 20 25 
TIME - millisec 

FIG. 37 EXPERIMENTAL ISOTHERMAL BUBBLE GROWTH 
( RUNS I-98 AND I - 103 ) 

81 



VC 21.7 cm3 39.8 cm3 tji - cm3/sec 

0 6 1.58 

El If 3.38 

A A- 4.24 

0 G- 5.17 

2000 3000 4000 54 
EXCESS PRESSURE - d yne/cm2 

FIG. 38 TERMINAL BUBBLE VOLUME VERSUS 

ANTE -CHAMBER EXCESS PRESSURE 

82 



value of approximately 3.62 x 10-s cms/(dyne/cms). That change 
In Vb with pf can be explained by considering the mass of gas 
stored in the ante-chamber during the lapse time. Bssumlng lso- 
thermal flow, the stored mass Is given as 

mstored = 
Pf vc 
?I T, 

If it Is assumed that the density of the gas In the bubbles is 
approximately the same as that In the ante-chamber, m tore 
correspond to a portion of the volume of the bubble gaven ?i 

will 
y 

'b 
mstored Pf V, E Tb Pf vc m------z- 

stored mass = Pgas - 2 T, pb pb 
(2.14) 

Next, If it 1s assumed that the change In the terminal volume 
of thebubbles due to a change In the ante-chamber excess pres- 
sure arises entirely from the difference In the mass stored 
during the lapse time, then from equation 2.14 one obtains the 
following expression for the variation of the terminal bubble 
volume with the ante-chamber excess pressure. 

d 'b V 
c 

d Pf = Pb 

For V, = 39.8 cm3, equation 2.15 gives 

d 'b 
dPf = 

39.8 cm3 
9.93 x 105 dyne/c@ 

= 4.01 x lo-scm3/(dyne/cma) 

Similarly, for the smaller ante-chamber, equation 2.15 gives 

dVb 217cmS 
q= l 9.93 x lo6 dyne/cm2 

= 2.19 x lo-Scms/(dyne/cm2) 

W.$se values may be compared with the experimental data In Fig. 
. 

The effect of V, upon the terminal bubble volume Is further 
Illustrated by comparing, In Fig. 38, the difference between the 
terminal bubble volume for V, = 39.8 cm3 and for V, = 21.7 cm3, 
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for the different mean gas flow rates considered. That difference 
was approxlmately.the same for all values of the mean- gas flow 
rate. These facts indicate that the change of the terminal bubble 
volume due to a change In the ante-chamber volume or the ante- 
chamber excess pressure Is most probably due to a change In the 
mass of gas stored during the lapse time. 

In the course of the Investigation it was found that the value 
of the excess pressure In the ante-chamber was predominantly ln- 
fluenced by the degree to which the liquid wetted the orifice dur- 
ing the lapse time of the bubble formation cycle. As mentioned 
In Section 2.1.2, the orifice employed was made of plexiglass, 
0.159 cm In diameter, with an L/D ratio of 4. The motion pictures 
of the process of bubble formation were also taken including the 
orifice, which enabled a determination of the degree of wetting of 
the transparent orifice by the liquid. The degree of wetting of 
the orifice was characterized by the depth to which the meniscus 
entered the orifice channel during the lapse times of successive 
bubbles. A "dry orifice" refers to the condition wherein the 
meniscus did not visibly enter the orifice channel, whereas a 
"wet orifice" refers to the condition wherein the liquid wetted 
the entire orifice channel In between successive bubble formation 
periods. 

It was found that there was no unique value for the depth of 
wetting for a given system. In other words, with a fixed ante- 
chamber volume and mean gas flow rate, the depth of wetting was 
found to be consistent and stable for any given run but was found 
to vary somewhat arbitrarily from run to run. The particular 
depth of wetting which occurred for a given run was found to 
depend somewhat upon the state of the orifice channel when the 
liquid was Introduced into the container and the bubble forma- 
tion was started. If the orifice channel was carefully dried 
and the desired rate of gas flow was passing through the orifice 
before the liquid was introduced, the bubble formation proceeded 
indefinitely with a dry orifice. Similarly, if the orifice 
channel was purposely wetted before the liquid was introduced, 
the bubble formation proceeded with a wet orifice. As one would 
expect, It was found that there was a limit of the depth of wetting 
for high frequencies of bubble formation. 

Figure 39 illustrates a plot of the ante-chamber excess pres- 
sure as a function of the depth (in terms of number of diameters) 
of wetting of the orifice channel. The plot Includes data for 
four different values of mean gas flow rate and two values of 
ante-chamber volume. It is significant to note that all of the 
data are represented by the curve shown within & 12 percent at 
the lower pressures and f 5 percent at the upper. 
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3. ANALYTICAL INVESTIGATION 

The injection of a gas Into a liquid through a submerged 
orifice results under certain conditions In the periodic forma- 
tion of discrete gas bubbles of approximately equal volume. 
The study of the mechanism of the formation of such bubbles has 
been the subject of numerous investigations (see Section 1.1.1) 
particularly because of the importance of that phenomenon in 
connection with distillation, absorption, extraction, and other 
mass and energy transfer processes. Such investigations have, 
however, been concerned principally with the determination of 
the terminal volume of the bubbles produced under various liquid 
and gas flow conditions, because of the Importance of knowing 
the size of the bubbles rising through the liquid In the evalu- 
ation of the overall mass or energy transfer rates for the 
bubbling process. There is general agreement in the literature 
that the size of the bubbles produced Is primarily governed by 
(a) the mean rate of flow of gas through the system, (b) the 
physical properties of the liquid phase, (c) the size of the 
orifice and td) the fluid dynamic characteristics of the system 
supplying the gas to the orifice. However, the nature of the 
flow into the bubbles has made it difficult to specify quantita- 
tively the dynamic characteristics of the gas su ply system. 
Except for two limiting cases (see Section 1.1.1 'i; the type of 
bubbles formed by a given apparatus may be characierlstlc of the 
particular apparatus employed because of the complex interaction 
of the many variables which influence the process of bubble 
formation. 

In studying the period of formation of the bubbles, one is 
also concerned with the details of the growth of the bubbles at 
the orifice. Thus, in order to analyze the process of energy 
transfer to gas bubbles during the period of bubble formation, it 
becomes necessary to consider the detailed interaction of the 
various variables which govern the dynamic growth of a bubble 
as well as those variables which influence the transfer of energy 
from the liquid to the gas in the bubble. It is the object of 
the analysis presented herein to take into account at least some 
of the Intercoupling that exists among the various parameters. 

The overall analytical problem may be stated as follows: 
1. Given the necessary properties of the liquid and the 

gas y what are the variations with time in the radius 
of the bubble, the rate of growth of the bubble, and 
the temperature and pressure of the gas in the bubble 
for prescribed conditions of gas injection and other 
initial conditions? 

2. When there is heat transfer to the gas in the bubble 
during formation, what is the overall increase in the 
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mean temperature of the gas during the formation period? 
3. If an average heat transfer coefficient may be specified 

for the entire period of bubble formation, what is its 
value for the particular class of bubbles under consid- 
eration? 

3.1 Physical Model 

In general, the periodic formation of the bubbles may be 
divided, for convenience, into the following two stages, each 
characterized by a certain period of time (see Section 2.1.3): 

1. the lapse time and 
2. the total formation time. 

The lapse time Is dependent upon the rate of flow of gas Into 
the chamber, the chamber volume and the Increase In pressure re- 
quired to Initiate bubble formation. Each of those parameters 
will subsequently influence the rate of flow of gas into the 
bubble during the formation time, and hence, the coupling that 
has been referred to in Section 2.4.1 between the growth of a 
bubble and the flow characteristics of the supply system. Also, 
the increase in pressure that is required seems to depend in a 
complex fashion upon the depth to which the liquid wets the ori- 
fice channel during the lapse time as discussed in Section 2.4.2. 

The current understanding of the mechanism, by which dis- 
crete gas bubbles are formed, suggests (5,7,8,25), furthermore, 
the importance of liquid inertia, viscous drag, surface tension, 
and hydrostatic pressure forces acting on the gas-liquid inter- 
face generated in the formation of a bubble. The motion of the 
interface during the growth of the bubble is governed by the 
interaction of those forces with the forces associated with the 
flow of gas through the orifice Into the bubble. 

In addition, there is the possibility of energy and mass 
transfer from the liquid phase to the gas in the bubble. There 
is no simple theory for the formation of bubbles of the type 
being considered here, which takes into account the energy and 
mass transfer processes as well as the simultaneous interaction 
of all the forces during the non-steady growth of the bubbles. 
The analysis presented here is concerned with the prediction of 
the growth rate of a bubble, under given operating conditions, 
in the presence of heat transfer to the gas in the bubble due 
to a difference between the temperature of the liquid and the 
temperature of the gas entering the bubble; it is then possible 
to determine the change in the temperature of the gas in the 
bubble during formation. 
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3.2 Analytical Model 

In order to proceed with the mathematical formulation of the 
problem, a simplified model of the physical processes has been 
developed. The features considered most significant therein are 
(a) the effect of the inertia of the liquid on the dynamic pres- 
sure in the bubble, (b) the effect of energy transfer from the 
liquid to the gas in the bubble, and (c) the possibility of un- 
steady flow from the reservoir into the bubble. The liquids of 
particular interest in the present investigation are relatively 
inviscid, and the effect of the viscosity of the liquid phase is 
treated only in an approximate way. Similarly the effect of mass 
transfer from the liquid to the bubble and the nature of the 
flow within the bubble have not been included in the present 
analysis (some discussion is presented in the last part of the 
next section). 

3.2.1 Assumptions Rnployed to Develop an Analytical Model 

A simplified analytical model for the formation of a bubble 
has been obtained by making the following assumptions. 

1. The gas-liquid interface is spherical at all times 
during growth. 

2. The medium surrounding the interface is quiescent, 
incompressible, and of infinite extent. 

3. The pressure and temperature of the gas in the bubble 

4. 
are uniform throughout at any instant. 
There is no transfer of liquid vapor into the bubble. 

5. The gas is ideal. 

The assumption of a spherical shape for the bubble throughout 
the period of growth simplifies the geometrical specification of 
the bubble surface and enables the determination of the finviscid) 
flow field 1n the liquid by means of potential theory. The photo- 
graphic observations illustrated in Figs. 5 and 17 do show that 
the bubbles depart to some extent from a spherical shape during 
part of the formation time; however, it may also be observed 
that the spherical shape is a reasonable approximation for the 
major portion of the formation time in most cases for the class 
of bubbles obtained experimentally. 

The assumption 2 is introduced to neglect all effects due 
to preceding bubbles. However, some circulation is induced in 
the liquid due to the upward motion of a bubble at the instant 
of detachment from the orifice. The effect of that circulation 
upon the formation of the succeeding bubble is difficult to take 
into account theoretically. However, it has been found (7) that 
the effect of liquid circulation on bubble formation is minimized 
when the liquid is prevented from circulating up along the base 
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of the bubble. That is ensured to an extent, for example, in 
the case of a bubble formed above a flat plate orifice. 

The postulation of a uniform pressure and temperature through- 
out the bubble at any instant (assumption 3) entirely neglects 
the nature of the motion of the gas within the bubble and, fur- 
thermore, implies instantaneous and complete mixing of the gas 
In the bubble. The experimental heat transfer results discussed 
in Section 2.3.2, on the other hand, seem to exhibit a trend which 
can be attributed to the degree of mixing within a bubble. HOW- 
ever, despite the apparent significance of such effects of mixing 
on the energy and mass transfer processes, It is assumed here 
that the motion of the gas within the bubble may be considered 
of secondary importance in examining the forces which govern the 
rate of formation of a bubble. In effect, therefore, it has been 
assumed that there is continuous equilibrium of pressure and 
temperature throughout the bubble during formation. The equilib- 
rium values, of course, vary with time during the formation per- 
iod of the bubble. 

Lastly, the present analysis does not take into account the 
possibility of mass transfer from the liquid phase to the gas 
bubble. It has been demonstrated (38) that the transfer of liquid 
vapor into a bubble during the period of formation can be slgni- 
ficant when operating with the liquid phase at a temperature such 
that the magnitude of the liquid vapor pressure is significant 
relative to the total static pressure on the bubble (pv/pbu bleti.1). 
-%wever, for l:ater at temperatures below 27C [80F), it has teen 
shown that the change in the volume of a bubble due to vapor 
transfer is less than 2 percent; and such contributions have 
been considered negligible in this analysis. In order to isolate 
the effect of heat transfer upon bubble formation the experiment- 
al investigation discussed in Section 2 was confined to such 
regimes wherein vapor transfer effects could be considered negli- 
gible. 

3.2.2 Idealized Analytical Model 

Figure 40 illustrates a sequence of the growth of an ideal 
spherical gas-liquid Interface. As can be seen therein, the 
bubble, which is defined by the spherical interface and the 
orifice plane, is at all times a portion of a sphere which can 
be completely specified in terms of the instantaneous values of 
the bubble radius, 
Fig. 41. 

R(t), and the limiting angle g*(t) shown in 
It is apparent that at any instant of time 
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and for a given orifice radius, 
R(tj. 

%, e*(t) is a function only of 

The initiation of the formation of the bubble has been 
arbitrarily taken to occur at the instant when the bubble is 
a hemisphere of radius equal to that of the orifice. That is, 

i!oz JG when t - 
- 0, the arbitrary beginning of the formation per- 

The growth of the bubble proceeds with the addition of mass 
thrkgh the orifice until the instant of detachment of the bubble, 
the termination (by definition) of the formation period. The 
period of time, hereinafter referred to simple as the "formation 
time" or the "formation period", is defined as the interval of 
time between the instant when the gas-liquid interface is a 
hemisphere of radius equal to that of the orifice and the In- 
stant when the bubble is detached from the orifice. The differ- 
ence between the "total formation time," as defined In Section 
2.1.3, and the "formation time" is defined as the "start time", 
which is the interval of time between the Instant when the menls- 
cus first becomes visible above the orifice and the instant when 
the meniscus is a hemisphere of radius equal to that of the ori- 
fice. Consequently, the "total formation time" is the sum of 
the "start time" and the "formation time." The analysis pre- 
sented here applies only to the motion of the gas-liquid inter- 
face during the "formation time."1 

The motion of the bubble surface can be analyzed by con- 
siderin 

fi 
such motion as consisting of two simple superposable 

motions (a) the motion of the surface due to pure radial growth 
and lb) the motion of the surface due to vertical translation. 
The radial growth of the bubble results from the addition of 
mass, while the vertical translation of the center of the bubble 
is required in order that the base of the bubble be maintained 
at the orifice plane up to the Instant of actual detachment. 
Figure 42 illustrates those motions individually as though they 
are two successive stages of motion, with a radial growth at a 

velocity g y and a vertical translation at a velocity VvT. By 
considering the hypothetical downward displacement of thk bubble 
rim in contact with the orifice due to the radial growth, It can 
be shown that the magnitude of the vertical velocity required to 
maintain the base of the bubble at the orifice plane (zero net 
velocity) Is 

(3.1) 

'See Sections 2.1.3 and 2.4.1 for a complete definition and il- 
lustration of the time intervals cited. 

'The geometrical growth of the model bubble is similar to that 
suggested by Hayes, et al (8). 
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FIG. 40 SEQUENCE OF BUBBLE GROWTH 

FIG. 41 INSTANTANEOUS SPECIFICATION OF BUBBLE 
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The resultant velocity of a 
shown in Fig. 43, is given by 

or when resolved into normal and tangential components with 
reference to the bubble surface, the resultant velocity becomes 

Ti = t$f + Vy cos e) F - vy 

point on the bubble surface, as 

sin 8 Y 0 (3.2) 

The vertical velocity of translation given by equation 3.1 
should be recognized as the minimum vertical velocity for the 
assumed spherical bubble shape. Photogra hit 
formation of a bubble (see Figs. 5 and 17 P 

observation of the 
indicates that at some 

instant during the formation period the buoyant force acting on 
the bubble begins to exceed the liquid inertia, viscous drag, and 
surface tension forces which tend to restrain the bubble at the 
orifice. At such time, the net upward force acting on the bubble 
accelerates the bubble, increasing V above the value given by 
the equation 3.1. The situation is Yfurther aggravated as time 
proceeds, due to a continuous modification in the magnitude of 
the operating forces as well as changes in the orientation of 
the interface, resulting finally in the stretching and narrowing 
of the interface into a cylindrical neck at the point of attach- 
ment to the orifice. That neck rapidly collapses, leading to a 
detachment of the bubble from the orifice, while a new gas-liquid 
interface closes at the orifice. The development of a criterion 
for the detachment of a bubble from an orifice and the determin- 
ation of the exact instant of time when the bubble breaks away 
from the orifice vrould require a detailed stability analysis of 
the gas-liquid interface taking account of the unsteady inter- 
action of all the forces acting at the interface. liowever, in 
the present analysis no attempt is made to develop such a cri- 
terion. Instead, the instant of detachment has been deterW.ned 
from experimental measurements of the total time of formation. 
The vertical velocity of translation, as given by equation 3.1, 
is employed throughout the bubble formation period. 

The coordinate system employed in the analysis is relative 
to the bubble and is shown in Fig. 44 with the origin situated 
at the center of the spherical bubble. Because of the axial 
symmetry of the flop, a point in space need only be specified 
in terms of the radial coordinate, r, and the angular coordinate, 
e* In a moving coordinate system it is necessary to consider 
the changes in the coordinates r, 8 with time. Thus, for a 
fixed point (45) 
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FIG. 42 STAGES OF BUBBLE MOTION 

FIG. 43 RESULTANT BUBBLE MOTION 
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FIG. 44 COORDINATE SYSTEM 



g= - vy cos 0 
v sin e 

B’= y r (3.3) 

A+peint on the surface of the bubble is given by r = R. 
The normal velocity component at the bubble surface is given by 
(see equation 3.2) 

LVr)r=R = @ + vy cos 9) 

This is a boundary condition to be satisfied by the soluti.cn for 
the motion of the liquid at every point on the bubble surface, 
r=R. 

3.3 Analytical Solution 

Rnploying the aforementioned Idealized model, a mathematical 
description of the growth of a gas bubble is obtained by an ap- 
plication of the conservation equations. The mathematical formu- 
lation of the problem results in a system of five non-linear first 
order differential equations involving the time dependent pres- 
sure, temperature, mass, radius and rate of growth of the gas 
bubble. Each of those quantities is obtained as a function of 
time by a simultaneous solution of the system of equations. 

3.3.1 Formulation of the Problem 

The analysis of the growth of a gas bubble as a result of 
mass input through an orifice and of energy transfer across the 
gas-liquid interface is obtained by applying the principles of 
conservation of mass, momentum, and energy to the growing bub- 
ble. 

The analysis of Davidson and Schuler (25) has indicated 
that for bubble formation in liquids of relatively low viscosity 
(e.g., water) the viscous drag force acting on the bubble during 
its formation Is of secondary importance, and that the principal 
resistance offered by the liquid to the growth of the interface 
Is in the form of an inertia force resulting from the acceleration 
of the liquid away from the orifice. In the research reported 
herein, the liquids of interest are relatively lnviscid liquids, 
such as water and ethyl alcohol (also liquid metals). 
unlike in reference [25), 

However, 
the effects of viscosity are not en- 

tirely neglected in the present analysis. Initially, the motion 
of the interface is taken to be occurring In inviscid surround- 
ings so that the motion of the liquid surrounding the bubble 
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surface is reduced to a solution of the potential motion of an 
infinite liquid medium surrounding a bubble which is simultan- 
eously growing and translating. That solution yields the poten- 
tial velocity distribution in the liquid which, at the bubble 
surface, coincides with the motion of the surface. One can then 
calculate the retardation that would be produced due to the 
presence of viscosity and linearly superpose the viscous forces 
on the other forces acting at the interface. Thus, in the pre- 
sent analysis the viscous forces are determined from a momentum 
balance equation in which the inertia forces are considered 
small and, in which the tangential velocity gradient for the 
calculation of the shear force at the interface is based on the 
gradients of velocity obtained from the inviscid potential 
solution. The viscous forces so calculated are added on by 
simple superposition to the other forces in the final momentum 
balance equation. The limitations of such a supposition of 
superposability of forces are well known. Thus, where the non- 
linear interaction of such forces is fundamental, as in stability 
problems, superposability is generally inadmissible. However, 
this method of calculating the inviscid flow field and then 
superposing the viscous force is employed here entirely for the 
purpose of an approximate determination of the effect of viscosity 
on the rate of growth of the bubble. In fact the computed re- 
sults (see Section 3.3.3) will show that these effects are neg- 
ligible. 

The Equation of Motion 

The derivation of the equation of motion for an expanding 
and translating spherical bubble boundary in an infinite, in- 
compressible, inviscid liquid with constant external pressure 
p, at infinity is presented in Appendix IV. The equation of 
motion which relates the pressure pI(R,e,t) in the liquid at 
the bubble boundary to the bubble size and the radial and 
translational velocity and acceleration of the boundary is as 
follows. 

P&(R,B,t)-P, 
P 

= R=+ 3 @," + 3 Vy cos 0 g 
dt.2 

+v ya fv - 3 sin2e) + h a (3.5) R cos 8 at 

where R = instantaneous bubble radius 

dR 
XT= instantaneous radial velocity 
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vy = vertical translational velocity 

P = liquid density 

with the coordinate .system as illustrated in Fig. 44. 

As seen from equation 3.5, the pressure In the liquid at 
the bubble boundary is a function of 8, the angular position of 
the point under consideration. In order that the pressure of 
the gas inside the bubble be Independent of 8, a mean pressure 
pL (R,t) in the liquid at the bubble boundary is defined as 

FL (R,t) = 
J's P;$R,e,t)dA 

dA 

where dA is an element of area, with the integration performed 
over the bubble surface area lo s 6 5 6% 

From equations 3.5 and 3.6, the mean pressure in the liquid 
at the bubble boundary is given by 

FL (R,t)-ps d2R = 
P Rm+ 3 @f + P dt t 

Y 
- $ + cos e* + cos2 cl*') 

t 
3V 

+ vy dt dR (1 + cos e*> + $ R * (1 + cos e*) 

(3.7) 
The instantaneous pressure, p(t), of the gas in the bubble 

can be obtained from equation 3.7 by accounting for the increase 
in pressure across the gas-liquid interface due to the surface 
tension along the interface and the viscosity of the liquid. 
Thus, 

pw - p,PA,t) = AP, + "IP~ 

where 

Ap, = p = increase in pressure across a spherical inter- 
face of curvature R and interfacial tension o. 

a, = increase in pressure in the bubble due to the vis- 
cosity of the liquid. 
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An approximate value of the effect of viscosity on the pressure 
In the bubble is obtained as demonstrated in Appendix V. The 
expression for the increase in pressure in the bubble due to the 
viscosity of the liquid is shown to be given by 

Substituting 
equation 3.9 into 
given by 

P(t)-P, 
P 

=% 

+ v2 Y 

z 

t- + + cos e* + ~05~ e*) 

+vyat dR (i+c0se*) + $ R 2 li+c0se*) 

the value of 5 (R,t) from equation 3.7, and 
equation 3.8, the pressure in the bubble is 

+4# g+R 

(3.10) 

Equation 3.10 specifies the dynamic pressure in the bubble re- 
quired to produce the motion of the spherical bubble boundary 
surrounded by liquid. The equation is written in a general 
form in terms of Vy which, as discussed In Section 3.2.2, is 
given by 

vy=- ’ dR 
cos e* 37 (3.1) 

The Energy Equation 

The energy equation for the open system defined by the 
spherical bubble boundary is obtained by equating the sum of 
the heat transferred into the system and the energy carried in 
by the gas stream to the sum of the change in internal energy 
and the work done by the system on its surroundings. Written 
on an energy-per-unit-time basis, the energy equation is 

h A IT,-T) + cp Ti $$ = 
d(m c,T) 

dt +pg+o$+ 

c0se* + f cos=eJ" 1 (3.11) 



where 

hAITL-T) = rate of heat transfer to the bubble 

cP 
dm 

Ti dt = stream rate of energy carried into bubble by the gas 

mcvT = internal energy of the system 
dV 

PTE = expansion work rate 

dA 
=dt = surface work rate 

n/S2 R Y c cos e* + 3 1 cos3 e*] = viscous work rate 

The rate of energy transfer across the bubble boundary is ex- 
pressed in terms of a convective transfer coefficient character- 
istic of the gas-liquid interface and the mixing within the bub- 
ble. The energy carried in by the gas stream, written in the 
form of a total temperature, includes the enthalpy and kinetic 
energy associated with the gas stream, thoughthe kinetic energy 
is negligible. The expression for the work done in increasing 
the surface area of the bubble arises from the fact that the 
superficial energy per unit area associated with the common 
surface of two immiscible fluids is equal to o, the surface ten- 
sion (force/unit length). The derivation of the expression for 
the viscous work rate, presented in Appendix V, has been obtained 
by a modification of Stokes' solution for viscous flow past a 
sphere to satisfy the boundary conditions of the present model. 

The volume, Vlt), and surface area, A(t), of the spherical 
bubble are related to R(t) and e*(t) by means of the following 
expressions which have been derived in Appendix VI. 

V = $m (1 - cos e* - & cos e* sin' e*) 

A= 2rP (1 - cos l3') 

(VI-11 

(U-2) 

The Equation of State 

The equation of state for the gas in the bubble relating the 
instantaneous values of bubble pressure, volume, mass, and tem- 
perature is assumed to be as follows. 

pv = rnxT (3.12) 
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where 

H = gas constant 

The IQuation-of Continuity 

The equation of continuity for the rate of flow of mass 
into the bubble is obtained by considering the flow of gas through 
the chamber which supplies the submerged orifice. In other words, 
the control volume for the purpose of obtaining the mass balance 
equation has been taken as the volume between the orifice plane 
and the point in the gas supply system where there exists a large 
pressure drop which, thereby, controls the mean rate of flow of 
the gas through the system. Since the flow of mass out of the 
ante-chamber equals the flow of mass Into the bubble, a mass 
balance on the 
the bubble as 

ante-chamber' gives the rate of flow of mass into 

dm - ==wi- vc d% -- 
a T, dt 

(3.131 

where 

m = instantaneous bubble mass 

ii = mass flow rate into the chamber 

v, = volume of the chamber 

T, = temperature of the gas in the chamber 

p, = pressure of the gas in the chamber 

In the statement of equation 3.13, it has been assumed that the 
flow of gas through the ante-chamber is isothermal, and the cham- 
ber dimensions are such that the pressure, pcft), is uniform 
throughout the chamber at any instant. In most cases, the mass 
flow rate into the system, Wi, is constant, being regulated ex- 
ternally, and therefore the second term on the right hand side 
of equation 3.13 reflects the effect of the coupling of the 
bubble formation mechanism with the gas supply system.' 

'It is Interesting to note that equation 3.13 seems to Indicate 
the absence of any coupling between the bubble formation process 
and the supply system in the two limiting cases (discussed in 
Section l.l.l), namely li) when the bubble is formed at the tip 
of a long capillary, 
infinite reservoir. 

and fii) when the gas is supplied from an 

100 



Equations 3.10, 3.11,‘3.12, and 3.13 comprise a system of 
four equations in four unknowns, namely, the bubble radius R, 
the bubble mass m, the mean pressure p, and the mean temperature 
T. Since a spherical bubble geometry has been assumed in all 
stages of the growth, the volume and surface area of the bubble 
are related to the radius by equations VI-l and VI-2. 

It Is apparent that a closed form integration of the system 
of equations is not feasible. However, it is possible to employ 
standard techniques for the numerical integration of the system 
of equations to yield a solution for R(t), m(t), and T(t) as 
functions of time for a given orifice size and liquid properties 
and for specified gas flow conditions. The initial conditions 
for the integration are 

R(O) =% 
p(o) = po 

T(O) = Ti 

(dR) - 0' 
dt t=o - 

(3.14) 

V(O) = v,+q 

PO vo m(O) = m, = - 
ii: To 

The integration can be performed for any desired length of time 
up to a value of tk, the formation time, which, by definition, 
specifies the termination of the formation period. 

3.3.2 Solution of the Problem 

In order to simplify the numerical solution, it is conven- 
ient to non-dimensionalize equations 3.10 through 3.13 by2defin- 
ing the following dimensionless variables and parameters. 

1 This initial condition is apparent when one considers that the 
radius of curvature of the spherical gas-liquid interface passes 

2 
through a minimum at R = %. 
The non-dimensionalizing procedure is similar to that of Chern 
and Enig (46). 
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P =p 
PO 

%a 
po3 = po 

M=e 

TL 
?L=q 

O= 

s= 

7 = 

PC = 

T 
Ti 9 =Y 

R c= 
WI % mEXTi 

D 'b 
t 
%&a- 

p, 
PO 

Gl = 

The trigonometric functions of e* in telrns of 
variable S are 

% sin@*=r=$ 

Pa (3 %) 

vc Ti 
Q Tc (3.15) 

the dimensionless 

(3.16) 

Using equations 3.1 for the translational velocity and sub- 
stituting the dimensionless variables 3.15, equation 3.10 can be 
transformed to the dimensionless form 

P E3 E, - Pap = s+sF dS + (S+Y,) 5 + 14 + Y, + Y6 
dT2 

- Y20H@2 

where (3.17) 

Y6 = s2 
m-1) c 

_ $ _ Jy-T + (s2--1) ] 
3 S2 
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Y 1 S 
20 = 4w c 

l- dqJ.1 

The energy equation 3.8 is transformed to dimensionless form 
by substituting the dimensionless variables 3.15 and using equa- 
tions 3.1, ~1-3, and ~1-4 to give 

+ E, Y 3 g + *a r2 F (as)2 (3.18) 

where 

Y, = s3 (s2-l) [ 5 + dE$ _ $ i2$u3’2] 

y3 1 = 2s+2$Ki +- 
LJZFT 

y, = s2 
r 

1 +qq 

El = 
3h+myI 

PO 
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E, = 

The energy transfer term in equation 3.18 can be written in a 
more illustrative form as follows: 

or 

E, Y4 '9, - @) = ( 
3&7F 

Po ) Y4 h (TI-Ti) ( @L - 7 
@L-l 

The product h(T -T ) represents the maximum heat flux to the 
bubble lcal/secgcm4), occurring when @is a minimum of 1.0. The 
ratio 1% - 0)/l% - 1) represents the active fraction of the 
maximum driving force l@I - 1). 

The equation of state in dimensionless form simply becomes 

P YB S3 = M 0 (3.19) 

where 

Y*=l+ 

The continuity equation 3.13 is transformed to 

dM dPC F=C-G, F (3.20) 

It is interesting to note that in the expression for the 
dimensionless flow parameter C, namely 

c= 
iiF a Ti 

PO 1 
the term in the brackets is constant for a given liquid and ori- 
fice size. Sinze the density of the gas entering the bubble, p 
is equal to pa/R Ti it is apparent that C is proportional to thg' 
mean volumetric rate of flow of gas through the system. 
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Finally, the initial conditions 3.14 become 

s(o) = 1 @) dT 7~0 = 0 
P(O) = 1 

do) = 1 M(O) = 1 (3.21) 

An expression for the dimensionless pressure derivative, g, 
is obtained by differentiating equation 3.18 with respect to 
T and substituting from equations 3.18 and 3.20 for Q and dM 
and is as follows. dT ir;: 

dP 
?F= +l Ml y4 

Y, s3 
+ 

a c 

Y, s3- 

@i Gl 
Ye s3 

dPC 
XT-- (y-1 1 

Yl -P 
Ye s" 

- (y-l)E, 
y2 

(dS)2 

Ye s3 dT 
- (y-1 )Es 

(3.22) 
where 

Ys = Jrn 
54 

The system of equations 3.17, 3.18, 3.20, and 3.22 can be 
reduced to a system of five first order ordinary differential 
equations by defining a neh' variable U = ds/dT . Making that 
substitution one obtains the following system of equations 

dS z=u (3.23) 

dU E, U Ea 
yg = ,7y-+ [P - "7 - r - P, - f$j + Ys + Y, - Yz,) u2-J 

(3.24) 

22 - (y-1) E Y 
lq.yo) 

dT - 14 M + 

q-a aI 
M d7- 

(y-1) Y pu 1 d 

- (y-1) E, Y2 g - (y-1) &j Y3 g (3.25) 
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OiC OiGl dPc 
@)+--- - 

Y8 s3 Ys s3 dT 

- ty4 
Yl Ya 

- PU - (y-1) E, - U2 
Ys s= Ye s3 

- (y-l) & 
YB 

y 5 u - ys p" - 3 F 
0 

dM dPC 
F=C-G1 d7-- 

(3.26) 

(3.27) 

with the initial conditions 

slo) = p(o) = 0(o) = MO) = 1 ulo) = 0 13.28) 

The system of five first order ordinarv differential equations. 
3.23 through 3.27, in five unknowns, U, S, P, 0, and M, and-the ' 
initial conditions 3.28 are sufficient for the determination of U. 
S, P, 0, and M as functions of the independent variable 7 for ' 
specified conditions on E,, E2, E,, E4, E,, y, 01, Oil C, G 
P Standard techniques for the numerical integration of o li' 

PC, 
,B* dinary 

dxfferential equations can be employed for the solution of equa- - 
tions 3.23 to 3.27 to give the computed values of U, S, P, 0, and 
&I for specified limits of T. 

3.3.3 Computation of the Solution 

In Section 3 it has been stated that the overall analytical 
problem may be divided into three parts. problem may be divided into three part S. The first part related The first part related 
to the prediction of the changes (with to the prediction of the changes (with respect to time) of the respect to time) of the 
several variables pertaining to the gr several variables pertaining to the growth of the bubble and to ;owth of the bubble and to 
the state of the gas within the bubble the state of the gas within the bubble during the formation per- during the formation per- 
iod. iod. The determination of the overall The determination of the overall increase in the temperatu increase in the temperatu re 
of the gas in the bubble during formation was stated as the second 
part of the analytical problem. In order to solve that problem 
one needs to postulate a mechanism of energy transfer to the bubble. 
Iqo such mechanism may be postulated until one could state with 
reasonable certainty the nature of the gas motion within the bub- 
ble. In order to &rcumvent that difficulty, an average heat 
transfer coefficient, obtained from experimental results (see 
equation 2.4), is introduced into the energy balance equation to 
enable the prediction of the overall increase in the temperature 
of the gas in the bubble during the formation period. However, 
the validity of postulating an average heat transfer coefficient 
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applicable over the entire formation period must be checked, the 
third part of the problem stated in Section 3. This is accom- 
plished by calculating, on the basis of the theoretical analysis, 
another significant parameter pertaining to the bubble which is 
a strong function of the energy transfer and which may also be 
checked with independent experimental results. The most signi- 
ficant parameter which Is easily compared with experimental re- 
sults (obtained by high speed photography) is the rate of growth 
of the bubble volume during the formation period. The approach 
taken Is, therefore, to predict analytically the mean temperature 
of the gas in the bubble at the end of the formation period by 
means of an experimental average heat transfer coefficient appli- 
cable throughout the formation period and in turn to check the 
value of the average heat transfer coefficient employed by com- 
paring the predicted bubble volume as a fun?tion of time with 
the experimental bubble volume growth rate. 

The numerical integration of equations 3.23 to 3.27 has been 
accomplished as follows. 

1. 

2. 

3. 

4. 

The values of the parameters, El,, E,, E,, El,, E,, y, 
%, Gl, PC(T), % ' 
specified.2 

P, for which the solution is desired ar 

The initial conditions 3.28 are substituted into equa- 
tions 3.23-3.27 to determine the derivatives of the 
variables at 7~0. Reference should be made to Appendix 
VII for a description of the determination of the limits 
of certain terms which are indeterminant upon the sub- 
stitution of the initial conditions for S and U. 
Equations 3.23-3.27 are then used in conjunction with 
the classical fourth-order Runga-Kutta technique (47, 
48) for determining the variables S, U, P, 0, and M 
for increasing values of the Independent variable T. 
The Runga-Kutta technique Is used for the numerical in- 
tegration for the first four incremental changes in T. 
For the fifth and all succeeding incremental changes in 
T, the numerical integration is accomplished by using 
equtitlon 3.23-3.27 in conjunction with the fourth-order 
Adams-Moulton predictor-corrector method (47,48). 

The method used in step 4 can be applied to cover any de- 
sired range of the independent variable yielding the computed 
values of S, U, P, 0, and N for each successively increasing 
value of 7. 

1 Obtained from high speed photographs [see Figs. 17 and 18). 

2Unless otherwise specified, the following values have been 
used: p‘ = po, therefore P aD - 1, and T(O) = Ti = T,. m- 

1 
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The procedure for the numerical integration of equations The procedure for the numerical integration of equations 
3.23-3.25 was programmed for an IBM 7090 digital computer. The 3.23-3.25 was programmed for an IBM 7090 digital computer. The 
corn uter program Incorporated a subroutine developed by Welsh corn uter program Incorporated a subroutine developed by Welsh 
(49P f (49P f or the simultaneous integration of ordinary differential or the simultaneous integration of ordinary differential 
equations using the Runga-Rutta and Adams-Moulton methods as equations using the Runga-Rutta and Adams-Moulton methods as 
described. described. The program enables the calculation of the dimension- The program enables the calculation of the dimension- 
less variables S, less variables S, U, P 0, and X as functions of T U, P 0, and X as functions of T 
cified parameteys: cified parameteys: raJ liquid properties, raJ liquid properties, 

or the spe- or the spe- 
p, p, ~1, 0, ~1, 0, f f lb) gas lb) gas 

properties, y, R, properties, y, R, (c) orifice radius, %, (c) orifice radius, %, cd) heat.transfer cd) heat.transfer 
conditions, h, TI, Ti, conditions, h, TI, Ti, 
P,W. P,W. 

and (e) gas flow conditions, Wi, T,, V,, and (e) gas flow conditions, Wi, T,, V,, 
The solutions for the dimensionless variables S, U, P, The solutions for the dimensionless variables S, U, P, 

0, and M can of course be transformed to dimensional form to 0, and M can of course be t ransformed to dimensional form to 
determ determine R(t), dR/dt, p(t), T(t), and mft). The volume of the ine R(t), dR/dt, p(t) The volume of the 
bubble, bubble , V(t), can be comput 

T(t), and mft). 
V(t), can be computed from R(t) and equation VI-l and 

is of particular interest, 
Ld from R(t) and equation VI-l and 

is of particular interest, since that is one variable that can since that is one variable that can 
be measured experimentally by means of high speed photography. be measured experimentally by means of high speed photography. 

Computed solutions havebeen obtained for three distinct 
types of bubble formation hereinafter referred to as (a) adiabatic 
bubble formation, lb) isothermal bubble formation, and (c) non- 
isothermal bubble formation. Adiabatic bubble formation is de- 
fined as the type of bubble formation obtained theoretically in 
which the energy transfer between the liquid and the gas is 
entirely neglected, whatever be the actual difference in temper- 
ature between the liquid and the gas. The calculation is per- 
formed by assumin, m that the heat transfer term in the energy 
equation 3.25 is zero, or In the computations, by setting the 
heat transfer coefficient, h, equal to zero. 

Isothermal bubble formation refers to the case where it 
is assumed that whatever be the mechanism or the rate of energy 
transfer between the liquid and the gas in the bubble, the gas 
is at some arbitrarily constant temperature. Those conditions 
could be approximated in an experimental set-up either (a) when 
there is initially no temperature difference between the gas 
and the liquid (comparable to the conditions mentioned in Sec- 
tion 2.2), or fb) when the bubble volume is sufficiently large, 
the rate of gro>tih of the bubble is sufficiently small, and 
further the gas is "well mixed" during the entire formation time. 
Thus, in the former case, if T = Ti = T = constant, there is 
energy transfer to or from the gas in t fi e bubble sufficient to 
maintain T = constant. The mechanism by which the energy trans- 
fer occurs is unspecified. In order to perform the computations 
for that case, the following changes in the differential equations 

'In the computations it has been assumed that the dynamic value 
of the surface tension is the same as the static value in view 
of the absence of appropriate information regarding the dynamic 
surface tension (see Roll (50)). 
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are required. Equation 3.25, of course, becomes 

3 
dT = ' C3.25a) 

and equation 3.26 is changed to read 

dP Oic 
27=-- 

OiG1 dPc 5 pu - 3 PU 
y, s3 Tfr - L s (3.26a) 

Y, s= 

By setting equation 3.25 equal to zero it is also possible to 
obtain an expression for the dimensionless energy transfer, Q', 
required to maintain the isothermal condition. Thus, noting that 
ei = 8 = constant, equation 3.25 gives 

0 = (y-1) 8’ - (y-1) Yl p - (Y-1 > 34 y2 g - ‘Y-l) ‘5’3 i 

where the convective energy transfer term, EB"[% - O), has been 
replaced by the gross energy transfer term, rom the preced- 
ing expression, the dimensionless gross energy transfer rate is 
given by 

Q' = Yl PU + E, YZ F + E, Y3 U (3.25b) 

The computations for the isothermal case are performed as de- 
scribed in steps 1 through 4 fsee page 107) :;hile noting that 
eq;a;i;;s 3.25a and 3.26a are used in place of equations 3.25 

. , respectively. 

It may be pertinent to point out that the conditions of 
isothermal bubble formation defined herein is similar to the 
condition of "isothermal" bubble formation defined in the pre- 
sentation of the experimental data in Section 2.2. Both con- 
ditions refer to the case where the liquid and the incoming gas 
are at least initially at the same temperature, Ti = T L' 

Lastly, non-isothermal bubble formation refers to the case 
of bubble formatlon under the most general conditions considered 
in the present analysis. Heat transfer from the liquid to the 
gas in the bubble is assumed to occur on account of the temper- 
ature difference between the liquid and the gas, and the temper- 
ature of the gas in the bubble Is allowed to vary during the 
formation time, depending upon the extent of the energy transfer 
to the bubble. iIowever, at any instant of time during the growth 
of the bubble, the gas is supposed to be at a mean temperature 
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over the entire bubble volume, a consequence of the assumption 
of perfect mixing. The condition of non-isothermal bubble forma- 
tion defined herein is comparable to the experimental conditions 
referred to in Section 2.3. 

Determination of the flow into a bubble from an ante-chamber Determination of the flow into a bubble from an ante-chamber 
of finite volume requires a knowledge of p,(t)', which is obtained of finite volume requires a knowledge of p,(t)', which is obtained 
only from experimental measurements. only from experimental measurements. A number of solutions are A number of solutions are 
computed for the case of a variable rate of mass flow into the computed for the case of a variable rate of mass flow into the 
bubble based on the flow data obtained during the experimental bubble based on the flow data obtained during the experimental 
investigation described in Section 2.4. investigation described in Section 2.4. However, in order to However, in order to 
illustrate the procedure in obtaining the solutions, a constant illustrate the procedure in obtaining the solutions, a constant 
flow rate into the bubble is employed in some of the following flow rate into the bubble is employed in some of the following 
examples. examples. 

Constant Flow Rate Computations 

Figures 45 and 46 illustrate the computed solutions for 
the dimensionless bubble pressure and temperature for the case 
of adiabatic bubble formation with constant flow into the bubble, 
c= 0.791. The effects of surface tension and liquid viscosity 
have been omitted by setting o = ,U = 0. The plots illustrate 
the oscillatory nature of the solution with a significant first 
maximum of bubble pressure and temperature occurring very early 
in the formation period followed by minima and maxima of succes- 
sively decreasing amplitude. The value of the flow parameter 
c = 0.791 corresponds to the typical flow conditions given in 
Table 2. For those conditions, the oscillatory behavior was 
predominant only up to a value of T = 100, corresponding to a 
time interval of t = 3 x 10-a seconds. Davidson and Schuler 
(25) have shown that a bubble formed under the above conditions 
has a total formation period of approximately 40 x 10-B seconds 
(7 = 500). It may therefore be observed that the predicted 
oscillations in bubble pressure and temperature have a relatively 
small amplitude over most of the formation period. 

The effect of surface tension and liquid viscosit was 
determined by computing the solutions for the cases d 
dyne/cm, p = 0 and lb) o = 72 dyne/cm, ~1 = 0.9 cp; the 

= 72 
litter 

corresponding to the values for water at 27C. It was found 
for case (a) that the surface tension had only a very small 
effect on the solution, with the amplitude of all pressure 

'Or some auxiliary information which enables the determination 
of the rate of flow into the bubbles. See the last of this 
section. 
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maxima and minima being slightly larger (=z 0.02%) and the ampli- 
tude of all temperature maxima and minima being slightly smaller 
(c 0.05%) in comparison with the solution for the case of o = p = 0. 
The effect of the viscosity of the liquid as determined in case 
lb) was also detectable but was yet another order of magnitude 
smaller than the effect of surface tension, thus justifying, 
largely, the approximate manner in which that effect has been 
included in the basic formulation of the problem in Section 3.3.1. 
In fact, in all subsequent computations both the effect of the 
viscosity of the liquid and the effect of surface tension are 
neglected. 

Table 2 

Typical Flow Conditions for C = 0.791 
Adiabatic or Isothermal 

RO . 
wi 
T(O) = Tc = Ti = TI, 
. 
qi 
P 
u =P 
B 

0.0795 cm 

1.19 x 10m2 gm/sec 

300 K (540 R) 

10 cm3/sec 

1 gm/cm3 

0 

0.0709 Cal/K-gm 

Y 1.4 

PO 
h 

1 atm 

0 (for adiabatic case) 

Referring again to Fig. 45, the computed solution of the 
dimensionless bubble pressure is presented for the case of 
isothermal bubble formation with constant flow into the bubble, 
C = 0.791.1 It may be observed that the isothermal solution 
still possesses an oscillatory character with the amplitudes of 
the first maximum and minimum somewhat less than that for the 
adiabatic case. The amplitudes of all succeeding maxima and 

'The typical flow conditions presented in Table 2 are applicable 
for the isothermal case also. 

113 



minima appear, however, to be larger for the isothermal case than 
for the adiabatic case. That may be due to a reduced rate of 
damping for the isothermal case as a result of the oscillatory 
energy transfer required to maintain, even approximately, the 
isothermal condition. Equation 3.252, was employed to compute 
the energy transfer rate which oscillated from positive (energy 
in) to negative (energy out) values during the formation period 
with an order of magnitude of 10” cal/sec. However, it was 
found that over the total bubble formation period the net energy 
transfer during isothermal bubble formation was essentially zero. 

The solutions for the dimensionless bubble pressure and 
temperature for the case of non-isothermal bubble formation with 
a constant flow into the bubble, C = 0.791, were computed for 
an overall temperature difference, TL-Ti, of 167~ (30OF). A 
mean value for the average convective heat transfer coefficient 
was obtained from the experimental data presented in Section 
2.3.2. The mean value for h from experimental data is employed 
at this stage primarily for comparison of the theoretical solu- 
tions for different types of bubble formation. A check on the 
validity of employing such an average value for the heat transfer 
coefficient for the entire formation period is discussed at the 
end of this section. 

the 
and 

Table 3 gives the values of the parameters pertinent to 
computation of the soluti .on for non-isothermal formation 
illustrates typical flow conditions for C = 0.791. 

The computed solution for the dimensionless bubble pressure 
(not illustrated) was found to be practical1 the same as that 
obtained for the adiabatic case [see Fig. 45 , ;Y The amplitude 
of the dimensionless bubble pressure appeared to be slightly less 
for the non-isothermal case than for the adiabatic case. 

Figure 47 illustrates the oscillatory nature of the solution 
for the dimensionless temperature,a, for the non-isothermal case 
(T -Ti = 167~). The solution computed for the non-isothermal case 
indicates clearly that 0 could reach a value of approximately 
1.435 during bubble formation if the length of the bubble forma- 
tion period is not significantly altered by the heat transfer 
effects and if the average value of the heat transfer coefficient 
employed is representative of the rate of energy transfer to the 
bubble. That result implies that the heat transfer during the 
bubble formation period could reduce the difference between the 
temperature of the liquid and the mean temperature of the gas 
within the bubble from 167C (i.e., TL-Ti = 167~) to 37C (i.e., 
TL-T = 37C). 
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Non-Constant Flow Rate Computations 

Computed solutions for the case of a non-constant flow rate 
into the bubble can be obtained in an identical manner for adia- 
batic, isothermal, and non-isothermal bubble formation. however, 
in order to specify, 

Table 3 

Typical Flow Conditions for C = 0.791 
Non-Isothermal 

% 
ifI 

T(O) = Tc = Ti 
. 
qi 

TL - Ti 
Fi 

P 

0.0795 cm 

1.19 x 10-2 gm/sec 

300 I< (540 R) 

10 cm3/sec 

167 C (300F) 

3.66 x 10-3cal/sec-cm2-C 
(27B/hr-ft2-F) 

1 gm/cms 

cr =P 0 

B 0.0709 cal/Ggm 

Y 1.4 

PO 1 atm 

completely, the condition for the flow into the bubble, the 
pressure, p,(t), in the ante-chamber during the bubble formation 
period must be knolm. The computed solutions for the cases of 
non-constant flow into the bubble were obtained using the ex- 
perimentally measured functions of p,(t) discussed in Section 
2.4. The technique for determining the transient pressure func- 
tion for the formation period is described in Section 2.4.1. 
Figure 31 presented one such record of one complete cycle of p,(t) 
relative to the value of pc at the start of the cycle over a 
period including the lapse time, start time, and formation time. 
The instant at which the bubble formation period commences, 
determined as described in Section 2.4.1, is indicated on that 
curve. The computer program employed for computing the analyti- 
cal solution of equations 3.23-3.27 permitted the input of pcit) 
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in the form of a finite number of values of pc and the corres- 
ponding values of t. (The computer program incorporatedaspline 
fit interpolation subroutine (51) which was employed for deter- , 
mining dp,/dt = fft) thus enabling the complete specification 
of the flow into the bubble.) The numerical integration of 
equations 3.23-3.27 is accomplished in the manner previously 
described using the instantaneous values of dp,/dt to complete 
the evaluation of equation 3.27. 

The dimensionless bubble pressure was computed, for the 
isothermal.case with a non-constant flow rate, for the gas flow 
conditions prescribed in Fig. 31 and was found to possess the 
same oscillatory character as that previously illustrated in 
Fig. 45. However, the amplitude of the oscillatory pressure 
was considerably less (Pmax < 1.006) for the present case (from 
Fig. 31) because of the smaller mean gas flow rate. A plot of 
the computed bubble volume as a function of time, V(t), is 
presented in Fig. 48, which, as previously mentioned, is util- 
ized in the comparison of the analytically predicted and the 
experimentally determined values of V(t), (see Section 4). 

In order to compute the analytical solution for the non- 
isothermal case with a non-constant flow rate, one again needs 
information concerning the variation of the pressure, PC(t), in 
the ante-chamber. However, in the experimental study of bubble 
formation under non-isothermal conditions discussed in Section 
2.3 for a variable rate of mass flow into the bubbles, the ex- 
perimental apparatus did not permit the measurement of p,(t). 
Therefore, in the case of non-isothermal bubble formation com- 
puted for a non-constant flow rate into the bubble, it has been 
assumed that the instantaneous volumetric rate of flow into the 
bubble under the non-isothermal conditions is the same as that 
obtained under the isothermal conditions provided that the mean 
volumetric rate of flow is the same and all other parameters 
related to the apparatus and the liquid are also held identical 
in the two cases. One such case refers to the non-isothermal 
formation obtained with System I (see Table 1) for a flow rate 
of approximately 3.1 cm3/sec1 [see Fig. 18) and the isothermal 
bubble formation obtained with the same system (I) for a flow 
rate of approximately 3.2 cm3/sec (see Fig. 6). Therefore, 
on the basis of the equivalence of all parameters known to 
govern the flow into a bubble for those two cases (at qi - 3.2 
cm3/sec) (except the difference in temperatures in the non- 
isothermal case) it has been assumed that the instantaneous 

--I.-b-- *.- 

'It also happens (see Fig. 19) that at that flow rate, the 
volume of "unheated" gas passed into the bubble in the non- 
isothermal case is equal to that passed in the isothermal 
case. 
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volumetric rate of gas flow+into the bubble is the same for both 
the non-isothermal and isothermal cases. The validity of that 
assumption, of course, depends upon whether the difference be- 
tween the experimentally determined instantaneous values of 
bubble volume for the two cases (as illustrated in Fig. 20) may 
be adduced wholly to the volume expansion of the gas in the bub- 
ble as a result of heat transfer to the gas in the non-isothermal 
case. However, it will be assumed that the data in Fig. 6 for 
the isothermal growth rate is applicable to the non-isothermal 
case, that is, 

Q) 
dt Isothermal 

= t dVunheatedJ 
dt Non-Isothermal 

(3.29) 

Therefore, the mass rate of flow in the non-isothermal case 
is given by 

rdm_\ 
dtNon-Isothermal 

= pi l dVunheated 
dt ) (3.30) 

Non-Isothermal 

where 

Pi = density of the gas entering the bubble in the non- 
isothermal case. 

By employing the perfect gas law, equations 3.29 and 3.30 give 

PO &) 
Non-Isothermal =iq dt Isothermal 

(3.31) 

According to the notation in Section 3.3.2, the non-dimensional 
form of equation 3.31 is 

where 

(3.32) 

Equation 3.32 is used in place of equation 3.27 to compute the 
solutions for the case of non-constant flow under non-isothermal 
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conditions. The computer program enables the input of the vary- 
ing VzOEs of VIsothe'mal and the correspondin values of t 
(from Fig. 6) from wh%oh fdV/dt)Isothemal = f t), 7 at any time 
during formation, is determined by means of a spline fit inter- 
polation subroutine.. The numerical integration of equations 
3.23-3.26 and 3.32 is accomplished in the manner described earlier 
in this section. 

Figure 49 illustrates the computed solution for the dimen- 
sionless bubble gas temperature as a function of dimensionless 
time during formation for the case of non-isothermal bubble 
formation with the non-constant gas flow conditions prescribed 
in Fig. 6 by means of equation 3.32. Table 4 gives the values 
of the parameters pertinent to the analytical calculations. 
The average value of the heat transfer coefficient used through- 
out the formation period was that determined experimentally (run 
~-18) for the specific condition of non-isothermal formation 
considered. As can be seen from Fig. 49, the predicted dimen- 
sionless bubble gas temperature at the end of the formation 
period (r = 
221K (397R). 

334) is 1.44, giving a predicted value for Tb of 
The 

ii-181 was 232~ 
ex erimentally 

(418~ P 
determined value for Tb (run 

showing that the bubble temperature at 
the end of the formation period has been approximated within 5 
percent of the experimental value. The predicted overall in- 
crease in the bubble gas temperature during formation was then 
(T - 

!z 
= 6gC, whereas the experimental 

va ue Ti’p%&%%37 :2T:, 1 ;;:Experimental was = 80C. 

Figure 50 illustrates the predicted bubble volume as a 
function of time for the same case. Also included in Fig. 50 
is the experimentally determined bubble volume previously il- 
lustrated in Fig. 18 (for run H-18). The predicted values of 
bubble volume are within 30 percent of the experimental values 
during approximately the first l/3 of the formation time and 
-within approximately 15 percent or less throughout the remain- 
der of the formation period. It can be seen that the slope 
of the experimental curve is somewhat larger than that of the 
predicted curve up to approximately t/tf = 0.25, indicating a 
greater volumetric rate of growth of the bubble in the experi- 
,mental case. Such a trend is probably the result of the actual 
heat transfer coefficient in the experimental case being some- 
what greater than the average value used for the predicted 
curve. The slopes of the two curves are approximately the 
same throughout the remaining time of formation indicating 
that the use of an average value for the heat transfer coef- 
ficient was a reasonable approximation to the experimental 
case. 
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Table 4 

Parameters for Non-Isothermal Bubble Formation 
Non-Constant Flow (from Fig. 6) 

RO . 
WI 
T(O) = Tc = Ti 
. 
qi 

TL - Ti 
H 

P 

0.0795 cm 

6.6 x lo-= gm/sec 

152 K 1274 R) 

3.1 cm3/sec 

138 c (248~) 

2.57 x lo-= cal/sec-cm2-C 
(1 gB/hr-ft2-F) 

1 gm/cm3 

0 = cc 0 

B 0.0709 Cal/K-gm 

Y 1.4 

PO 0.974 atm 

tf 0.0277 set 

The analytical solutions for the case of non-constant flow 
under non-isothermal conditions have been computed in the iden- 
tical manner for mean gas flow rates of 1.3 and 4.8 cm3/sec (see 
Fig. 19). The predicted temperature of the gas in the bubble at 
the end of the formation period was within 7 percent of that 
determined experimentally for the lower flow rate and within 3 
percent for the higher flow rate. Figures 50 A and 50 B respec- 
tively, illustrate the predicted and experimentally determined 
values of the bubble volume as functions of time for those two 
cases. As may be observed, the experimental volumetric growth 
rate in both cases was greater than the predicted growth rate 
during the initial stage of formation similar to that mentioned 
in connection with Fig. 50. It can be seen, by comparing Figs. 
5OA, 50, and 50B, that the agreement between the predicted and 
experimental bubble growth curves was best for the largest size 
of bubble considered. 
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3.4 Analytical Results 

The method of computing the solutions for the dimensionless 
bubble pressure, temperature, radius and mass for the case of 
adiabatic, isothermal, and non-isothermal bubble formation are 
given in Section 3.3.3. The adiabatic case is primarily of 
academic interest. However, the isothermal and the non-iso- 
thermal cases (see definitions in Section 3.3.3) compare closely 
to the physical conditions for two types of bubble formation of 
considerable practical interest. 

3.4.1 Isothermal Bubble Formation 

Analytical computations for the case of isothermal bubble 
formation are useful for assessing the validity of the analyti- 
cal description of the formation of a gas bubble under the 
simplest conditions. The gas flow conditions for the isothermal 
computations have been specified by the experimentally measured 
conditions presented in Section 2.4 in order that the solution 
for the predicted bubble volume may be compared with experimental 
values. Figure 31 presented the experimentally determined gas 
flow conditions (p,(t), Wi, V 
I-98. The computed solution ~~rT~heR~~s~~~tZ,"~o~~p~~~~~~t~~l~ 
for those flow conditions, is illustrated in Fig. 48. Similarly~ 
the gas flow conditions for the experimental run 1~103, presented 
previously in Fig. 33, have been employed for computing the solu- 
tion for the instantaneous bubble volume,which is Illustrated in 
Fig. 51. 

3.4.2 Non-Isothermal Bubble Formation 

Analytical computations for the case of non-isothermal 
bubble formation are of primary interest in predicting the over- 
all change in the bubble gas temperature during the period of 
formation and for determining the validity of utilizing, in 
such computations, an average value for the heat transfer coef- 
ficient for the entire formation period.' A number of computa- 
tions pertaining to non-isothermal bubble formation for several 
hypothetical cases have been made utilizing an average heat 
transfer coefficient. Thus, computations of the dimensionless 
bubble pressure and temperature have been made for constant floT< 
into the bubble, C = 0.791, 
(TL-Ti) of 167, 556, 1670C. 

with overall temperature differences 
(The solution for TL-Ti = 167~ is 

'See Section 3.0 and 3.3.3 for statements of the analytical 
problem. 
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the same as that previously discussed in Section 3.3.3, see 
Fig. 47). The values of the parameters pertinent to the com- 
putations are given in Table 5. The solutions for the dimen- 
sionless bubble pressure 'and temperature for the aforementioned 
cases are presented in Figs. 52 and 53, respectively. The plots 
in Fig. 52 indicate that the increased heat flux to the bubbles 
when T 
rate 0' 3 

-Ti = 1670~ (3000F) causes a noticeable increase in the 
damping of the predicted pressure oscillations. 

As expected, Fig. 53 shows that @increases steadily during 
the formation period approaching'the maximum value, R, as illus- 
trated. While it may have been expected that the heat transfer 
during bubble formation may alter the length of the formation 
period, such alterations have been found to be small I- 10 per- 
cent; Section 2.3.1) for overall temperature differences of ap- 
proximately 167~. The length of the bubble formation period 
for the flow conditions given in Table 5 has been determined (25) 

Table 5 

Parameters for Non-Isothermal Bubble Formation 
C = 0.791 

RO 
0.0795 cm 

. 
wl 1.19 x 10-2gm/sec 

T(O) = T, = Ti 300 K (5tiR) 
. 
qi 10 cm3/sec 

TL - Ti B: 556 C (lOOOF) 
c: 1670~ (3000F) 

h B and C: 3.66 X 10M3 cal/sec-cm2-C(27B/hr-ft"-F) 

P 1 gm/cm3 

ff=p 0 

K 0.0709 Cal/K-gm 

Y 1.4 

PO 1 atm 

ti (for isothermal formation (25)) 0.040 set (T = 500) 
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to be approximately 40 X 10m3 set, which corresponds to T = 500. 
Considering the length of the bubble formation period to be the 
same (7 = 500) for all of the cases illustrated in Fig. 53, the 
fraction of the overall temperature difference, Yt, which is un- 
accomplished during the period of formation is given in Table 6. 

Table 6 

Unaccomplished Temperature Change for Constant Flow 
c= o-791 

( TL-Ti) 
(TI - T) ' 

't = lTL - Ti) 

167c (3OOF) 0.219 

556C (1 OOOF) 0.178 

167oc (3OOOF') 0.087 

Finally, it is of interest to consider what change in the 
temperature of the gas in the bubble would be predicted for the 
conditions of non-constant flow into the bubble, discussed in 
Section 3.4.1, when there exists a difference between the tem- 
perature of the liquid and the temperature of the gas entering 
the bubble. A hypothetical case of non-isothermal bubble 
formation with an overall temperature difference, lT,-Ti), of 
167~ (3OOF) was investigated. The average heat transfer coef- 
ficient for the formation period was obtained from the empirical 
correlation given in Section 2.3, equation 2.11. Table 7, in 
conjunction with Fig. 31, gives one set of the values of the 
parameters pertinent to the computations. The solution for the 
predicted dimensionless bubble temperature as a function of T 
for the aforementioned conditions is illustrated in Fig. 54. 
It can be seen that the dimensionless bubble temperature is 
approximately 1.535 at the end of the formation period. Thus, 
of the hypothetical initial overall temperature difference, 
(T~-T~) = 167c, the analysis predicts that only 4 percent re- 
mains unaccomplished at the completion of the bubble formation 
period. 

1 at 7 = 500 
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Table 7 

Parameters for Non-Isothermal Bubble Formation 
Non-Constant Flow (from Fig. 34, I-98) 

RO 

ii 
T(O) = ICC = Ti 

ii 
TL - Ti 

Fi 

P 

0.0795 cm 

1.79 X 10-3 gm/sec 

300 K (54OR) 

1.58 cm3/sec 

167c (300F) 

5.75 X 10-3cal/sec-cma-C 
(40B/hr=ft=F) 

1 gm/cm3 

0 

0.0709 Cal/K-gm 

1.4 

PO 

% 

1 atm 

21.7 cm3 

Figures 33, 34 and 35 for the experimental runs I-103, 112, and 
115 have also been employed to specify the gas flow conditions 
for the computation of the solutions to equations 3-23-3.27 for 
hypothetical cases of non-isothermal bubble formation with 
T 

2 
-Ti = 167c (300F). The unaccomplished temperature ratio Y 

a ong with the Fourier modulus, Q! tf/G , which characterize S' 
the transient heating of the bubble, are presented in Table 8 
for all of the cases investigated. 

Table 8 

Unaccomplished Temperature Ratio for Non-Constant Flow 

Run No. TI-T ' OL tf 
Yt=T - 

Li% 
I-98 0.157 
I-103 0.101 
I-112 0.0895 
I-115 0.1530 0.081 g 

'For a hypothetical TI,-Ti = 167~ (300F) 
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4. DISCUSSION AND CONCLUSIONS 

4.1 Discussion 

results of the present investigation are discussed in 
to the following: 
Isothermal bubble formation mechanism as observed dur- 
ing the experimental investigation. 
Theoretically predicted isothermal bubble volume growth 
rate. 
Validity of the experimentally determined average heat 
transfer coefficient. 
Dimensionless correlation of the average heat transfer 
coefficient. 
Non-isothermal bubble formation process. 
Theoretical prediction of the change in gas temperature 
due to energy transfer during bubble formation. 

4.1.' Isothermal Bubble Formation Mechanism 

In the theoretical analysis presented in Section 3, it was 
shown that a knowledge of the rate of mass flow into a bubble 
during formation was essential for computing the terminal bubble 
volume. It is well known (5) that the terminal volume of the 
bubbles formed by gas injection can be significantly influenced 
by the volume of the ante-chamber supplying the orifice and the 
L/D ratio of the orifice channel. Because of the complex inter- 
action of the mechanism of bubble formation with the flow through 
the system injecting gas into the liquid, the characteristics 
of the flow of gas into a bubble are not well known except for 
the case of a constant rate of flow into the bubble. Even in 
the case of flow into a bubble from a reservoir of constant 
pressure, there would remain considerable uncertainty in assess- 
ing the discharge coefficient for the orifice and the effective 
pressure drop across such an orifice. Consequently, the mass 
flow into a bubble for the specific system under consideration 
was obtained from the experiments described in Section 2.4.1, 
and those data were employed in a quantitative evaluation of 
the rate of growth of a bubble. 

The pertinent experimental data concerning the rate of 
mass flow into a bubble, for increasing values of the mean gas 
flow rate into the ante-chamber (from Figs. 32, 33, 34, 35, and 
361, are summarized in curves A, B, C, D, and E in Fig. 55, 
which presents the normalized mass flow rate Into a bubble as a 
function of the normalized total formation time. The variation 
of the flow rate into the bubble from the mean flow rate into 
the ante-chamber was considerable, as can be observed. During 
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CURVE 3Ji X IO3 gm/sec q i cm%ec Vc RUN 

A 1.79 1.58 21.7 I-98 
8 3.86 3.38 II T-103 
C 4.83 4.24 II I-112 
D 5.87 5.17 
E 4.83 4.24 3i.8 

I-115 
I-113 

dm/dt 

-I 

I-- -z ------ 

-3 
0 .2 .4 .6 .8 1.0 

t / tf 

FIG. 55 RATE OF MASS FLOW INTO BUBBLE DURING 
ISOTHERMAL FORMATION 
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the initial 20 percent of the formation time, the mass flow rate 
into the bubble gradually increased to a value equivalent to the 
mean mass flow rate, probably as a result of accelerating the 
surrounding liquid away from the orifice. Thereafter, however, 
as a re,sult of the excess pressure in the ante-chamber, there 
was a surge of gas into the bubble at rates of up to 2.5 to 4.5 
times that of the mean flow rate. As the chamber was depleted 
of the mass stored during the lapse time, the chamber pressure 
dropped; and, simultaneously, the rate of flow into the bubble 
decreased. For relatively small ante-chamber volumes, the 
inertia of the flow associated with the maximum rates was ap- 
parently sufficient to reduce the chamber pressure below the 
equilibrium value, resulting in, what appears to be, a flow 
back to the chamber from the bubble prior to the end of bubble 
formation. 

The characteristics of the flow into a bubble have been 
found to be strongly influenced by the volume of the ante-cham- 
ber. A comparison of the curves C and E in Fig. 55, which were 
obtained for the same mean gas flow rate but for different values 
of ante-chamber volume, illustrates the influence of the ante- 
chamber volume upon the rate of flow into the bubble. The rate 
of flow of gas into the bubble from the larger ante-chamber, 
curve E (from Fig. 36), was as much as 40 percent greater than 
the maximum flow rate from the smaller ante-chamber, which was, 
no doubt, the result of the need to expel a larger amount of 
stored mass in the former case. It is significant to observe 
that the flow characteristics presented in curves C and E are 
noticeably different, which indicates that the ante-chamber 
volume influenced not only the magnitude of the flow rate into 
the bubble but also its variation with time during formation.' 
On the other hand, the similarity of curves B, C, and D, which 
were obtained for the same ante-chamber volume, suggests that, 
for a given ante-chamber volume and for a limited range of mean 
mass flow rates, the normalized rate of mass flow into a bubble 
was approximately independent of the mean flow rate. 

In the experimental study of the rate of mass flow into a 
bubble, it was also found that the magnitude of the ante-chamber 
excess pressure (during the lapse time) had a pronounced influ- 
ence upon the rate of flow of gas into a bubble and the terminal 
bubble volume. AS has been shown in Fig. 38, the change in the 
terminal bubble volume due to a change in the ante-chamber excess 
pressure or ante-chamber volume can be accounted for in terms of 
the difference in the mass stored in the ante-chamber during the 
lapse time. 

'The curve for the larger ante-chamber volume, E, indicates that 
flow from the bubble to the chamber was negligible, which would 
be expected for a sufficiently large ante-chamber. 



A more complicated feature is the magnitude of the ante- 
chamber excess pressure, which has been found to be primarily 
governed by the wettability of the liquid--orifice material com- 
bination. As was shown previously in Fig. 39, it was possible 
to correlate the ante-chamber excess pressure in terms of the 
depth to which the meniscus wetted the orifice channel during 
the lapse time. It was observed that the ante-chamber excess 
pressure was essentially independent of the ante-chamber volume 
and the mean gas mass flow rate into the ante-chamber, and was 
primarily a function of the depth of wetting of the orifice 
channel. However, such limited.information can only serve to 
emphasize the importance of the interfacial phenomena during 
the lapse time as well as the formation time. 

The preceding discussion illustrates the nature of the coup- 
ling of the bubble formation mechanism with the flow through 
the system injecting the gas into the liquid. 

4.1.2 Predicted Isothermal Bubble Growth 

The formation of the bubble has been studied by assuming 
the bubble to be of spherical shape throughout its formation 
and by entirely neglecting the motion of the gas within the 
bubble, considering only the mean properties associated with the 
state of the gas in the bubble at any instant. For the particu- 
lar class of bubbles obtained in the experimental investigation, 
the assumption of a spherical bubble geometry was a reasonable 
approximation, as has been illustrated in Figs. 5 and 17. How- 
ever, it should be recognized that bubble geometries which 
deviate considerably from that of a sphere have been observed 
(7,25,38), particularly for systems with a relatively large 
ante-chamber volume. Consequently, the assumed geometry may 
be reasonable only for certain classes of bubbles. 

Perhaps the most serious limitation of the idealized 
analytical model was the neglect of the motion of the gas within 
the bubble. As such, it was considered that there was instan- 
taneous and complete mixing of the gas in the bubble so that the 
state of the gas could be prescribed just in terms of mean prop- 
erties. The consequences of such a simplification are expected 
to be of importance both in connection with the evaluation of 
the fluid dynamic forces governing the rate of growth of the 
bubble and also with the process of energy transfer to the gas 
in the bubble. 

A quantitative evaluation of the accuracy of the theoreti- 
cal analysis describing the bubble formation process, of course, 
requires a comparison of the predicted and experimental values 
of at least one parameter that is significantly descriptive of 
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the process. The parameter which can be experimentally measured 
for all conditions of the bubble formation process is the varia- 
tion in the bubble volume with respect to time during the forma- 
tion period. The predicted and experimental values of the bubble 
volume may, then, be compared throughout the formation period, 
thus obtaining one method of assessing the adequacy of the an- 
alysis of the bubble formation process. 

Figure 56 illustrates the predicted bubble growth for two 
values of mean gas flow rate (from Figs. 48 and 51). The exper- 
imentally determined bubble growth curves (from Fig. 37) are 
included in Fig. 56 for comparison with the predicted values. 
It may be observed that a fairly good agreement was obtained 
between the predicted and experimental values of bubble volume. 
The terminal volume for both cases was predicted within 8 per- 
cent (or less) or that observed experimentally. The predicted 
rate of growth during the initial portion (approximately l/3) 
of the formation period was greater than that determined experi- 
mentally. In the case of the smaller mean flow rate, the pre- 
dicted values were within 20 percent of the experimental values 
during the initial stage of formation. However, the predicted 
values for the larger mean flow rate were as much as 50 percent 

7 
reater than the experimental values during the initial stage 
l/3 of the period). During the remaining 2/3 of the formation 

period, the predicted values were within 15 percent, or less, 
of the experimental values for both the cases. Similar agree- 
ment between predicted and experimental values have also been 
obtained for higher mean gas flow rates of 4.25 and 5.17 cm3/sec 
(not illustrated). Agreement within 20 percent or less was 
obtained for the final 2/3 of the formation period, but again, 
during the initial l/3 of the formation period, the predicted 
values were as much as 50 percent greater than the experimental 
values. 

Except for the initial stage of bubble formation, it.ap- 
pears that the analysis presented in Section 3 does enable a 
reasonable prediction of the volume of a bubble when the mass 
flow into the bubble can be adequately specified. The cause 
for the larger value of bubble volume predicted during the 
initial stage of formation can perhaps be attributed to (a) an 
inadequate representation of the interfacial phenomenon in- 
volved at the beginning of the formation of a bubble; perhaps, 
as has been indicated in other instances (501, the interfacial 
resistance of a dynamic interface may be much larger than what 
would be predicted for a static interface; fb) the neglect of the 
mixing process occurring within the bubble; and (c) the limi- 
tations in the accuracy of the experimental measurements during 
the initial period. 
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Unfortunately, it was not experimentally feasible to obtain 
quantitative information regarding the validity of the analyti- 
cal solutions for the mean pressure and mean temperature of the 

.f 
as 
61. 

in the bubble, previously illustrated (e.g., Figs. 45 and 
It can only be inferred that, in view of the reasonable 

prediction of the growth of a bubble, the solutions for the mean 
temperature and mean pressure should be representative of the 
mean state of the gas in the bubble within the limitations of 
the assumptions regarding the uniformity of the pressure and 
temperature throughout the bubble and the existence of a con- 
tinuous equilibrium state of the gas. The variation of the mean 
pressure and the mean temperature (see Figs. 45 and 46 for the 
case of constant flow) indicates the possibility of sizeable 
fluctuations in gas pressure and temperature very early in the 
bubble formation period, though little can be said regarding 
the significance of such oscillatory behavior. 

4.1.3 Validity of an Average Heat Transfer Coefficient 

Next, it was of interest to assess the validity of exper- 
imentally determining the quantity of energy transferred to a 
bubble during formation as the difference in the enthalpy levels 
of the gas at the beginning and end of the bubble formation 
period (see equation 2.3). It has been shown in Section 3.3.3, 
in connection with isothermal bubble formation, that, theoreti- 
cally, there is energy transfer to or from a bubble to compen- 
sate for the moving boundary work done by or on the gas under a 
varying dynamic pressure, but the net energy transfer for the 
total formation period was found to be essentially zero. In 
other words, for all practical purposes, an isothermal state of 
the gas in a bubble during formation implies essentially zero 
net energy transfer to the gas for the overall formation period. 
In particular, it is concluded that the increase in the enthalpy 
of the gas during the formation under non-isothermal conditions 
is due essentially to energy input from the liquid to the gas in 
the bubble. That largely justifies the assumptions introduced 
in obtaining equation 2.3. 

In order to postulate a mechanism for energy transfer between 
the liquid and the gas in the bubble, one would have to know 
with reasonable certainty the nature of the gas motion within 
the bubble. In view of the limited understanding of the inter- 
facial phenomena involved, an alternative approach to the problem 
was selected to determine a value of the heat transfer coefficient. 
The experimental determination of an average heat transfer coef- 
ficient, based on equation 2.4, was supposedly representative of 
the energy transfer during the entire formation period and did 
not require knowledge of the details of any mechanism for the 
energy transfer process. The verification of the validity of 
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that value was accomplished by two independent checks: (a) the 
comparison of predicted and experimental values of the change in 
bubble gas temperature during the formation period, and lb) the 
comparison of the predicted and experimental bubble growth curves 
during formation. The mass flow into the bubble was prescribed 
by means of measurements made under isothermal conditions assum- 
ing that, on the basis of the equivalence of all parameters known 
to govern the flow into the bubble, the transient volumetric flow 
rate into the bubble was the same for both non-isothermal and iso- 
thermal bubble formation (see Section 3.3.3). The analytical 
solution for the dimensionless bubble gas mean temperature as a 
function of time during the formation period has been illustrated 
in Fig. 49. The predicted value of the mean temperature of the 
gas in the bubble at the end of the formation period was found to 
agree with the experimental value within 5 percent, and the pre- 
dicted change in bubble gas temperature during formation was 
within 15 percent of that determined experimentally. 

Regarding the bubble volume, comparisons of the predicted 
and experimental bubble growth curves for non-isothermal forma- 
tion were given in Figs. 50, 5OA and 5OB showing reasonable 
agreement. The experimental data exhibited a somewhat larger 
volumetric growth rate during the initial 10 to 40 percent of 
the formation period which indicated that the actual rate of 
heat transfer to the bubble was probably greater than that 
predicted on the basis of the average heat transfer coefficient. 
The close comparison of the predicted and experimental volume- 
tric growth rates throughout the remainder of the formation period 
indicated that, for that portion of the formation period, the use 
of an average heat transfer coefficient provided a reasonable 
approximation of the growth of a bubble under the combined ef- 
fects of mass flow from the orifice and energy transfer from 
the liquid. 

The difference between the experimental and the predicted 
growth curves during the initial stage of formation is not too 
surprising in view of a similar discrepancy discussed [see Fig. 
56) in connection with isothermal bubble formation. however, 
the fact that the analysis in the non-isothermal case predicts 
a volumetric growth rate smaller than the experimental rate 
emphasizes all the more the fact that the heat transfer coef- 
ficient in the physical case was probably considerably higher 
during the initial stage of formation than the average value 
for the entire formation period. One would, of course, expect 
a variation in the heat transfer coefficient during the forma- 
tion period due to changes in the motion of the gas in the bubble 
as the bubble size increases and as there occur variations of 
flow into the bubble. Even though no detailed mechanism has 
been postulated for the energy transfer process it seems legiti- 
mate to consider the influence of the mixing of the gas in the 
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bubble. The importance of the mixing of the gas within a bubble 
in determining the rate of energy transfer to the bubble has 
been illustrated in Fig. 28, where it has been shown that the 
fraction of the overall temperature difference that was not ac- 
complished during the formation period was as much as 50 to 100 
percent less than that predicted for an equivalent stagnant 
sphere. 

4.1,4 Correlation of Average Heat Transfer Coefficient 

It is significant to note in connection with the dimension- 
less correlation of the average heat transfer coefficient (Fig. 
29; equation 2.111, that the experimental data for the four 
different systems considered (see Table 1) are correlated reason- 
ably well by a single empirical relation consisting of variables 
descriptive of the bubble geometry and the gas physical and flow 
properties. Of course, only a very limited number of conditions 
for bubble formation have been considered in this investigation, 
but the reasonable correlation of the data indicates the feasi- 
bility of employing such a correlation procedure. 

The effect of the thermal resistance of the liquid upon the 
energy transfer to the gas bubbles cannot be fully assessed from 
the results for bubble formation in the two liquids (distilled 
water and ethyl alcohol) considered in this investigation. 
There was, however, no significant effect of the threefold var- 
iation of the thermal conductivity of the liquid upon the energy 
transfer characteristics. As has been stated by Nelson and Grey 
/52), the thermal resistance of the liquid phase can be expected 
to be small, at least for isolated bubbles. 

4.1.5 Non-Isothermal Bubble Formation 

In addition to obtaining quantitative data regarding the 
change in the bubble gas temperature and the rate of energy trans- 
fer during bubble formation, it was of interest to consider what 
effect the energy transfer may have on the mechanism of bubble 
formation. As has been shown in Figs. 16, 23, and 25, there was 
a significant increase in the terminal bubble volume for non- 
isothermal formation over that observed for isothermal formation, 
which was apparently the result of thermal expansion of the gas 
in the former case. It has also been shown in Figs. 19, 23, and 
25 that the unheated voluiue of gas passed into the bubble under 
non-isothermal conditions was less than that passed in under iso- 
thermal conditions for small volumetric gas flow rates and was 
approximately the same for the two conditions for large gas flow 
rates. Thus, it appears that for small volumetric gas floTT 
rates, the increase in the bubble growth rate in the non-isothermal 
case due to thermal expansion of the gas can have a significant 
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influence upon the flow of gas into the bubble. However, as one 
would expect, for sufficiently large volumetric gas flow rates 
the effect of thermal expansion upon the bubble formation pro- 
cess is apparently of secondary importance. 

The increase in the effective volumetric growth rate of a 
bubble under non-isothermal conditions, due to thermal expansion 
of the gas, has been further illustrated by the fact that ir- 
regularities in the bubble formation process (doubling) were 
observed at considerably smaller mean volumetric gas flow rates 
under non-isothermal conditions than were observed under iso- 
thermal conditions. 

The total formation time of a bubble under non-isothermal 
conditions was found to be somewhat different from that for iso- 
thermal conditions as has been illustrated in Figs. 21, 24, and 
26. The energy transfer during bubble formation apparently was 
the cause of a 10 percent (approximately) increase in the total 
formation time under non-isothermal conditions for Systems I 
and III (see Table 1). A 10 percent decrease in the total 
formation time under non-isothermal conditions was observed for 
System II. An explanation of those opposing trends would re- 
quire, first, a detailed understanding of the interfacial phen- 
omenon which governs the length of the formation period. Un- 
fortunately, the analysis presented in Section 3 did not enable 
a predict1 on of the aforementioned influence of energy transfer 
on the rate of flow into a bubble or the total formation time, 
since, for all analytical computations, the rate of mass flow 
into a bubble and the length of the formation period had to be 
specified. 

4.1.6 Gas Temperature Change During Formation 

Lastly, it was of interest (see Section 3.4.2) to predict 
the change in bubble gas temperature for hypothetical conditions 
of non-isothermal bubble formation. The rate of mass flow, ex- 
perimentally determined for runs I-98, 103, 112, and 115 (see 
Figs. 31, 32, 33, 34, and 351, was employed to specify the mass 
flow for the analytical computations for hypothetical cases of 
non-isothermal bubble formation with an overall temperature 
difference of 167~ (300F). The average value of the heat trans- 
fer coefficient for the computations was determined from the 
empirical correlation, equation 2.11, assuming that the hypo- 
thetical case of non-isothermal bubble formation produced bub- 
bles ofapproximately the same class as those investigated ex- 
perimentally. The theoretically predicted values of the un- 
accomplished temperature ratio for the four cases (I-98, 103, 
112, 115) considered have been presented in Table 8 and are 
illustrated in Fi 
systems I, II, 11f; 

57 along with the experimental values for 
and IV previously illustrated in Fig. 28. 
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As can be seen, the predicted values exhibited the same trend as 
the experimental values. The predicted values were somewhat 
larger than those indicated by an extrapolation of the experi- 
mental data. They do,-however, illustrate the possibility of 
approximately predicting the change in the bubble gas tempera- 
ture during non-isothermal formation and emphasize, once again, 
what a large change.in temperature may occur during that time. 

Analytical computations pertaining to hypothetical cases of 
non-isothermal bubble formation have also been made for overall 
temperature differences of 556C /lOOOF) and 1670~ (3000F) as 
discussed in Section 3.4.2. Of course, the analysis provides 
no meens for determining the length of the bubble formation 
period under such extreme temperature differences. It may be 
expected that the volumetric growth rate of a bubble due to 
thermal expansion in such instances would significantly influ- 
ence the gas flow into the bubble and the time of bubble forma- 
tion. The unaccomplished temperature ratio for those cases has 
been presented in Table 6 merely to illustrate what sizeable 
changes in the bubble gas temperature could occur for a bubble 
formation period of specified length. 

4.2 Conclusions 

1. In line with the results of the diagnostic investiga- 
tion related to the energy transfer to a gas injected into 
small depths of a liquid bath, it has been established from 
experimental data that the energy transfer during the formation 
period of a bubble could produce, at least for the particular 
class of bubbles under consideration, an increase in the gas 
temperature of 55 to 90 percent of the total difference in 
temperature betyreen the cold gas and the warmer liquid. 

2 The value of the average heat transfer coefficient 
computld for the entire formation period of the bubble varied from 
2.4 X lo-" to 5.3 X 10-~ cal/sec-cm2-C (18 to 39 B/hr-ft2-F). 

3. The variation of the heat transfer coefficient appears, 
from experimental evidence, to depend upon la) the mean mass 
velocity of the gas flow into the bubble, and (b) the mean 
bubble diameter. 

4. The validity of a postulated average heat transfer 
coefficient has been examined by predicting, analytically, the 
rate of volume growth of the bubble and comparing that with the 
experimentally observed rate of growth. Uhile the results show 
agreement in general, it appears that the predicted rate of 
volume gro?:th of the bubble in the presence of energy transfer 
is considerably less in the initial stage of formation of the 
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bubble. That is adduced to the effect of mixing of the gas in 
the bubble and the effect of the size of the bubble during the 
initial stage. 

5. The theoretical model which accounts in an elementary 
fashion for the viscous and inter-facial forces present at the 
interface seems to show that the influence of such forces is, 
indeed, small. 

. 6. The overall period of bubble formation between the 
instants of detachment of successive bubbles may be divided into 
(a) a lapse time, and lb) a total formation time. The fluid 
dynamic and interfacial phenomena during each of those periods 
seem to be equally significant in the understanding of the 
dynamics of formation of a bubble. The magnitude of those 
periods and the growth rate of the bubble are as important in 
identifying a class of bubbles as the final volume of the 
bubble. 
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APPENDIX I 

NOTATION 

A = surface area of the bubble 

A0 = 

C = 

c = 

cp’ cpi cv = 
D k3 = 

Do = 

%l = 
l-i = 

integrated average bubble surface area 

orifice cross-sectional area 

dimensionless flow parameter (see 3.15) 

acoustic speed in the gas 

constant pressure specific heat of the gas 

constant volume specific heat of the gas 

molecular diffusivity 

orifice diameter 

mean bubble diameter, lg vi)1/3 

net energy transfer during bubble formation 

El, 82, EB, E4, I%, s, = dimensionless parameters; see equations 
3.17, 3.18, 3.32. 

Fo = Fourier modulus, o! tf/g 
f = bubble frequency 

f max = maximum bubble frequency 

Gl = dimensionless ante-chamber parameter (see 3.15) 

g = acceleration of gravity 

h = convective heat transfer coefficient 

h = average convective heat transfer coefficient for bubble 
formation period 

j = unit vector in vertical direction 

k g = thermal conductivity of the gas 



L = 

M = 

m = 

iii = 

mb = 

mO 
= 

Nu = 

NC = 

NR = 

P = 

Pr = 

PC = 

P, = 

P = 

Pb = 

PC = 

Pf = 

P, = 

PL = 

PO = 
Q' = 
. 
91 = 

R = 

Re = 
K = 

length of orifice channel; characteristic dimension of 
bubble. 

dimensionless bubble mass 

bubble mass 

mean mass velocity into bubble, mb/tf Ao 
terminal bubble mass 

bubble mass at t = 0 

Nusselt number, E dm/II I.3 
ante-chamber parameter (see equation 1.1) 

orifice parameter (see equation 1.1) 

dimensionless mean bubble pressure, p/p, 

Prandtl number, % Cpg/kg 
dimensionless ante-chamber pressure, p,/p, 

dimensionless pressure at infinity, p-/p, 

mean bubble pressure 

mean bubble pressure at end of formation 

ante-chamber pressure 

ante-chamber excess pressure 

pressure in the liquid at infinity 

pressure in the liquid 

mean pressure in the bubble at t = 0 

dimensionless energy transfer 

mean volumetric gas flow rate based on Ti 

radius of the bubble 

Reynolds number, F d,/p t!3 
gas constant 
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Rm 
R. 
r 

F 

F 8 
S 

St 

T 

Tb 

Tc 

Ti 

TL 

Tm 

t 

tf 

5 

5 

% 
LJ 

v 

5 

'b 
71 

mean bubble radius = 

orifice radius 

radial coordinate 

unit vector in radial direction 

unit vector in 8 direction 

dimensionless bubble radius, R/R0 

Stanton number, Nu/fRe * Pr) 

mean bubble temperature 

mean temperature of the bubble at end of formation 

temperature. of the gas in the ante-chamber 

temperature of the gas entering the orifice 

temperature of the liquid 

mean gas temperature during formation, for property 
evaluation 

time 

total formation time 

formation time 

lapse time 

% + tf 
dimensionless radial velocity 

bubble volume 

velocity 

terminal bubble volume 

isothermal terminal bubble volume 
‘biso 
vc = ante-chamber volume 
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unheated bubble volume = 

= 

= 

= 

= 

= 

= 

Ye = 

= 

I yz, 

= angular coordinate fclockwise +) 

= limiting angle 

P, = 

= 

IL = 

= 

= 

mean velocity of the gas through the orifice 

radial velocity component 

angular velocity component 

vertical translational velocity 

mean mass flow rate 

accomplished temperature ratio, IT,-Ti)/(TL-Ti) 

experimental unaccomplished temperature ratio, (TL-Tb)/(TL-Ti) 

theroretical unaccomplished temperature ratio, (TL-T)/TL-Ti) 

y3, 4, Y Y5, Ys, Y,, Ys, Y3, YzO = functions of S, see 

equations 3.17, 3.18, 3.19, 3.22 

limit of U/J77 at 7 = 0 

limit (see App. VII) 

thermal diffusivity of the gas 

specific heat ratio of gas, cp/cv 

dimensionless mean bubble temperature, T/Ti 

see 3.15 

see 3.15 

dynamic viscosity of the liquid 

dynamic viscosity of the gas 

density of the liquid 

density of the gas 

surface tension 
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7 = dimensionless time (3.15) 

're = tangential shear stress In the liquid 

cp = velocity potential 

Ic, = stream function 

APPENDIX II 

ANTE-CRAMBER PRESSURE INSTRUMENTATION 

The transient ante-chamber pressure was measured by means 
of a pressure microphone1 mounted within a chamber Integral with 
the ante-chamber as has been previously illustrated2ln Fig. 3. 
The microphone output was fed to a cathode follower prior to 
being displayed on a dual-beam oscilloscope3 as shown schematically 
in fig. 8.1. The cathode follower was employed for isolating 
the microphone to eliminate significant loading of the microphone 
by the oscilloscope. A 60 cycle reference voltage was simultan- 
eously displayed on the oscilloscope to enable an accurate cali- 
bration of the time base of the microphone output. A permanent 
record of the displayed microphone output was obtained by means 
of a scope-mounted Polaroid camera; a sample of such a record Is 
illustrated In Fig. 8.2. 

An accurate determination of the true microphone output 
voltage as a function of time was obtained in the following man- 
ner: 

1. The Polaroid record of the displayed voltage'was en- 
larged (- 6X) to enable an accurate measurement and 
tabulation of the displayed voltage as a function of 
time during a given cycle. 

2. The true microphone output voltage was obtained from 
the displayed voltage by the application of a scale 
factor accounting for the attenuation of the cathode 
follower. 

scale factor = 0.956 volt out/volt in 

The determination of the microphone output voltage per unit 
of pressure change was obtained from the standard microphone 

'Model 98-108, Shure Brothers, Inc. 
2Model F-408-M-1, Gulton Ind. Inc. 
'Type 5C2, Tektronix. 
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TRANSIENT ANTE-CHAMBER 
PRESSURE 
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0 
0 k%!! 

OSCILLOSCOPE 

FIG. A.1 SCHEMATIC OF MICROPHONE CIRCUIT 
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FIG. A.2 RECORD OF TRANSIENT 
ANTE-CHfiMBER PRESSURE 
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calibration curve supplied by the manufacturer, ' illustrated in 
Fig. A.3. The frequency of the periodic microphone voltage, or 
in other words the frequency of bubble formation, was In the 
range of 20 to 40 cycles/second, indicating, from Fig. 8.3, an 
output of +1 Db with reference to 0 Db = 60 Db below 1 volt per 
mlcrobar. 2 The microphone output was computed from 

Db = 2o log10 
E 

E,,f . 
(11-l) 

where 

E ref. = 1 volt/microbar. 

Therefore, for the frequency range of 20 to 40 cycles per second, 

Db = t-60) + 1 = - 59 

from which one obtains the microphone calibration factor 

E = 1.122 millivolt/microbar 

The transient ante-chamber pressure as a function of time during 
the lapse and total formation times (see Section 2.4.1) was 
determined from the true microphone output voltage and the micro- 
phone calibration factor, E. 

It should be noted that the microphone calibration was ob- 
tained in a free field (see Fig. A.3). Normally, one would not 
expect such a calibration to be applicable for the case of a 
microphone confined in a chamber of small volume as in the pres- 
ent application. However, for the very low frequencies of inter- 
est (< 40 cycles/second) and for ante-chamber volumes of the order 
of 20 cm3, It can be assumed that the acoustical loading of the 
microphone was negligible and the calibration was considered to 
be accurate within 10 percent.3 

'Shure Brothers, Inc., Evanston, Illinois. 
2mlcrobar = dyne/cma 
3 Brouns, A., 

Illinois; 
Microphone Laboratory, Shure Brothers, Inc., Evanston, 

private communication. 
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APPENDIX III 

METHOD OF DATA REDUCTION AND SAMPLE CALCULATIONS 

1. 

2. 

3. 

4. 

(a) Calculation of Bubble Volume and Surface Area 

The volume and surface area of a bubble (at any Instant 
during formation) were determined from the frames of high speed 
motion pictures as follows. 

The nlcture frame from which the bubble volume and 
surfke area was to be calculated was projected on 
the screen of an optical comparator (- X 10). 
An enlarged tracing was obtained from the projected 
image. 
The enlarged outline of the bubble was divided into 
a series of truncated cones by means of horizontal 
lines. Flg. A.4 illustrates one such outline. 
Assuming the bubble to be symmetrical with respect 
to the orifice axis, the "enlarged bubble volume" 
and "enlarged bubble surface area" was computed from 
the following. 

n-l 
VE = 5 g (3 R,-H,) + 1 'v Ho ld; + d;+' + di di+,) 

i=l 

+ 5 S, fdi + dE+l + dn dn+l) (111-l) 

n-l 
AE = 2n RI HI + 1 !j (di + di+,) JG + & (di+, - di)a 

+ !$ fd, + d,+$ JIS" + & (dn+l - dnla (III-2) 

5. The true bubble volume and surface area were computed 
from the enlarged value 
propriate scale factor. 

$ by the application of an ap- 

'The scale factor was obtained from a picture of a scale in the 
plane of the orifice axis. 
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FIG. A.4 ENLARGED BUBBLE OUTLINE FOR VOLUME 

AND SURFACE AREA CALCULATIONS 
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lb) Net Energy Transfer During Bubble Formation 

The energy balance equation for a perfect gas In an open 
system defined by the gas-liquid interface of a bubble during 
formation can be written as follows: 

6Q 
d(mc T) 

dt"C p Tl 8 = d: +p#+*+# (111-3) 

where 

6Q = energy transfer to the gas 

cP Ti dm= energy carried In by the gas stream 

mcvT = Internal energy of the gas 

pdV = pressure boundary work 

odA = surface work 

Work against viscous forces is neglected. 

In order to determine the net energy transfer to the gas In 
the bubble during formation, equation III-3 is integrated over 
the time of the formation period. Thus, 

I" SQ + jab 
mb 'v Tb Vb % 

u dA (III-41 
0 0 

cp Ti dm = j d(mcvT) + [ pdV + I 
0 0 0 

Assuming that c Ti, and cr are constant throughout the bubble 
formation perlo8: equation III-4 gives 

Vb 
Q + cp Ti mb = cv mb b T + I 

0 
pdV+o&, (111-5) 

The variation of the pressure of the gas in the bubble during 
formation Is unknown. The analysis presented In Section 3 
attempts to account for such variations. It Is assumed here, 
however, that the pressure of the gas in the bubble during 
formation is approximately constant and equal to the mean 
hydrostatic pressure. 

P Nu F = Patm + Phydrostatic 
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On the basis of that assumption, equation III-5 reduces to 

Q = 'v mb Tb - 'p mb ‘Ti + r vb + 0 &b (III-6) 

For a perfect gas, equation III-6 becomes 

Q = mb cp (Tb - T,) + o Ab (111-7) 

It is known that the interfacial tension, o, of a dynamic 
interface can be greater than that of a static interface, although 
there is no basis for a quantitative determination of the dynamic 
interfacial tension. Consequently, a static value of a is em- 
ployed in considering the order of magnitude of the two terms in 
equation 11-7. For bubble formation in water and for a final 
bubble surface area of 1.2 cm2, which is representative of the 
class of bubbles studied experimentally, (Section 2.3.11, 

a i$ w 2 X lOme cal 

The change in the enthalpy of the gas in the bubbles during forma- 
tion, for the class of bubbles considered, was of the order of 

mb cp lTb-Ti) k: 8 X 1~" Cal 

Thus, for the class of bubbles considered, 

mb 'p 'Tb - Ti) >> u Ab 

and the net energy transfer to the gas in the bubbles during 
the formation period can, on the basis of the assumption regard- 
ing the pressure of the gas in the bubble, be closely approxi- 
mated by 

Q = mb cp tT, - Ti) (111-8) 

I 
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(cl Sample Calculations for Isothermal Bubble Formation 

The following is a sample of the calculation of quantities 
pertinent to isothermal bubble formation: 

Run I-14 (System I) 

Measured quantities 

4 = 3.71 x 10'" gm/sec 

Pb = patm + h + Apu = 1023 + 8.25 + 0.5 = 1031.8 cm J&O' 

TD = 299 K (538R) 

Ti = 298Kl537R) 

5 = 0.0325 set 

tf = 0.0254 set 

t = 0.0579 set 

Derived quantities 

terminal bubble mass 

mb = wi x t = 2.15 x lo-4 gm 

terminal bubble volume 

mb a TI 
'b = pb = 0.189 cm3 

mean volumetric flow rate 

- 3.2 cm3/sec - 

'The Increase in pressure due to surface tension, assuming a 
spherical bubble, is 2 u/R. It must be determined by trial 
and error since V is unknown. 
little significance. 

The effect of U on pb Is of 

163 



ld) Sample Calculations for Non-Isothermal Bubble Formation 

The following is a sample of the calculation of quantities 
pertinent to non-isothermal bubble formation: 

Run H-18 (System I) 

Measured quantities 

ii = 6.60 x 1O-3 gm/sec 

Pb Patm + h + 20 = r = 1000 + 5.4 + 0.4 = 1005.8 cm &,O 

TL = 290 K (522 R) 

Ti = 152 K (274 R) 

t1 = 0.0326 set 

tf = 0.0277 set 

t = 0.0603 set 

'b = 0.279 cm3 

H = 1 .206 cm2 

Derived quantities 

terminal bubble mass 

mb = w, x t = 3.97 x 1o-4 gm 

terminal mean bubble gas temperature 

Tb 
pb 'b =-= 232K (418 R) 
mb E 

unaccomplished temperature ratio 

Y TL - Tb 
= TL = o*42 

accomplished temperature ratio 

X = Tb - Ti = 0 58 
TL - Tl l 
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gas properties evaluated at Tm = Tb + Ti 2 = 192 c 

=I! - - 0.249 oal/gm-°C 

a = 0.095 cm2/sec 

% = 1.252 x lo-4 gm/cm-set 

net energy transfer (equation 2.3) 

E = mb cp (T, - Ti) = 7.92 X 1O-3 cal 

average heat transfer coefficient (equation 2.4) 

h = mb ‘D - 2.57 x 1O-3 cal/sec-cm2-C 
tf H In (l/Y) - 

unheated bubble volume (equation 2.7) 

mb x Ti 
%= pb 

Ti = Vb T = 0.188 cm3 

mean mass velocity 'Do = 0.159 cm) 

FL% 
tf Ao 

= 0.723 gm/sec-cm2 

mean bubble diameter 

l/3 
%= I$ v,) = 0.712 cm 

Stanton number 

VI h =&,=~z 0.0142 

P 
Reynolds number 

n2 = Re 
ii dm 

= - = 4126 
% 

Fourier number 

= - = 0.0207 



(e) Average Heat Transfer Coefficient for Bubble Formation 

The empirical correlation for the average heat transfer 
coefficient, equation 2.11, enables a determination of the aver- 
age heat transfer coefficient for the bubble formation period 
in terms of parameters indicative of the mean flow into the 
bubble and the mean bubble size. The correlation was employed 
for determining the average heat transfer coefficient for the 
analytlcsl computations concerning the hypothetical cases of 
non-isothermal bubble formation considered in Section 3.4.2 as 
follows: 

1. The conditions for the mean flow into a bubble and 
the mean bubble size were determined from the exper- 
imental data pertaining to iT;thermal bubble forma- 
tion. Thus, for run I-98: o = 0.159 cm) 

mb = 0.802 x 1O-4 gm 

'b = 0.0615 cm3 

5 = 0.0174 set 

tf = 0.0274 set 

t = 0.0448 set 

Ti = 300 R (540 R) 

2. Assuming that the flow into a bubble forming under 
hypothetical non-isothermal conditions was the same 
as determined for isothermal formation, the afore- 
mentioned values were employed-in conjunction with 
equation 2.11 for determining h for the analytical 
computations. Thus, 

iii= mb 
tf 

= 0.148 gm/sec-cm2 

l/3 
dm = (4 v,) = 0.491 cm 

For a hypothetical overall temperature difference 
between the liquid and the gas of 167C (300 I?) the 
properties of the gas were evaluated at a mean gas 
temperature estimated as 

T - 300 K + 3 (167) = 38X (69OR) mean - 
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Thus, 

cP = 0.25 cal/gm-°C 

%3 - - 2.13 x lo-4 gm/cm-set 

From equation 2.11, one obtains 

-0.884 
Ii Aiic P 26.9 f- 

ii = 5.75 X 1O-3 cal/sec-cm2-OC 

APPENDIX IV 

EQUATION OF MOTION OF A SPHERICAL BUBBLE BOUNDARY 

The equation of motion for an expanding and translating 
spherical bubble boundary can be derived by considering the 
motion of the liquid surrounding the bubble. Assuming the 
liquid to be incompressible and inviscid, the equations of 
continuity and motion for the liquid are, respectively 

v- T = 0 (IV-11 

dy PE =-VPL (IV-2) 

Where Tjcr,e,t) is the fluid particle velocity, p (r,8,t) the 
pressure in the liquid. Because of the axial s ylhm etry of the 
flow, the variables are functions only of r, the radial coor- 
dinate measured from the center of the bubble, 8, the angular 
coordinate measured from the vertical, and t, the time, for 
the moving coordinate system with the ori in at the bubble 
center as previously illustrated in Fig. & 4. 

If It is further assumed that the liquid flow Is irrota- 
tional, then 
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and the Velocity of the liquid can be derived from a velocity 
potential, 

8=- VQ (IV-31 

such that equation IV-l becomes 

v*T=V’ Q = 0 (IV-4) 

The solution for equation IV-4, for the case of an expand- 
ing and translating spherical boundary, can be obtained by a 
superposition of the solutions for the individual cases of an 
expanding spherical boundary and a translating spherical bound- 
ary, with the complete solution satisfying the boundary condition 
for the radial velocity component given in Section 32.2 as1 

'r I 
=g+v Y cos 8 

r=R 
t Iv-5) 

For an expanding spherical boundary, a spherically symme- 
tric solution of equation IV-4 is given as 

Q~ (r,t) = 9 + B(t) (IV-S) 

Considering the liquid to be of infinite extent, Q -+ o as r + Q) 
which therefore requires that B(t) = 0. Thus, 

A solution of equation IV-4 for the case of a spherical 
boundary translating in an Infinite liquid is given as 

Qp tr,e,t) = B zs ’ 

A linear combination of the solutions, 'pl and Q~, yields a 
solution to equation IV-4 for the combined flow in the liquid 
surrounding an expanding and translating spherical boundary. 

'Neglecting the effects of condensation or evaporation at the 
bubble wall, the velocity of the liquid at r=R can be taken 
equal to the wall velocity. (53) 
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Thus, 

A ct) <p(r,e,t) = 7 + D COS 8 
r2 

(Iv-7) 

The radial velocity component Is readily obtained from 
equation Iv-7 as 

v, = - 8 = A lt) + 2D cos 8 
r2 ?? 

(IV-8) 

In order to satisfy the condition for the radial velocity at the 
spherical boundary r = R, equation IV-5, it can be seen from 
equation IV-8 that 

[Iv-g) 
D = l/2 R3 Vy 

Equations IV-7 and IV-9 combine to give the velocity poten- 
tial for the flow in an infinite, incompressible, inviscid liquid 
surrounding an expanding and translating spherical boundary as 

cpfr,e,t) = g g + 3 
R” v COS 8 

r" 
(Iv-lo) 

The equation of motion for such a boundary is obtained from 
equation IV-2 which can be rewritten as 

p[%+ lB*V) v-J=-VP, (IV-11) 

Since VXT = 0, then V(i7 l v) = 2(8 l 0) 7, and equation IV-11 
becomes 

p[ig+ v@]=- VPL (IV-12) 

From equation IV-3, one obtains 
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which when substituted into equation IV-12 yields 

v{ - g + I$ + pLlr;eyt) } = 0 (IV-U) 

Integration of equation IV-13 yields the classical Bernoulli 
equation 

P v2 pL = F(t) 
- t+2+r 

(IV-14) 

It can be seen (from equation IV-lo) that the first two terms in 
equation IV-14 approach zero as r - =, which gives, for a con- 
stant pressure in the liquid at infinity, p, 

To complete the evaluation of equation IV-14, one obtains 
from equation IV-10 

+ L $R” (2 ~0s~ e - sin' e) 
2 r" 

(IV-15) 

which accounts for the change In the coordinates of a fixed1 
point with time due to the motion of the coordinate system. 
Similarly, equation IV-10 is employed to evaluate 

V' = v"r + v; = f- $y= + f- + g2 (IV-16) 

Combining equations IV-lo, IV-15, and IV-16 with equation IV-14 
gives the following expression for the dynamic pressure In the 
liquid, p&&t), as a function of the radius, the velocity, 
and the acceleration of the spherical boundary. 

'See equation 3.3, Section 3.2.2. 
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pLhe,t) - P, = &d2R 
c 

- + 25 [#)2 + 
5 v x2 COS 8 dR 

P r dt2 r 2 r2 TE 

+ R3 cos 8 dv;v 
2r2 dt 

v2 R3 
+ -J+ (2 ~02 8 - sin' 

2r e)l 

'y R~3cos ">' + ("" ;;'""y] (IV-17) 

The pressure In the liquid at the spherical boundary, r=R, 
from equation IV-17, is given as 

pL(R,e,a - P, = R d2R + 3 #)" + 3 
dV 

P dt= 
vy cos 9 +f + $ R COS e & . 

+ Py (6 ~0~2 8 - 3 sin2 e) (Iv-1 8) 

Equation IV-18 Is the equation of motion of an expanding and 
translating spher'ical boundary which relates the velocity and 
acceleration of the boundary to the dynamic pressure required 
at the boundary (and therefore inside the boundary) to produce 
such motion. This equation Is used further In Section 3.3.1. 

APPENDIX V 

LIQUID VISCOUS EFFECTS 

The effects .of the viscosity of the liquid upon the motion 
of an expanding and translating spherical bubble boundary are 
approximated by considering the creeping motion of a viscous 
liquid past a sphere. The classical solution, due to Stokes, 
for the uniform axisymmetric flow of a viscous liquid past a 
sphere, neglecting all inertia terms, is given by the following 
stream function 
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*l h,e) = - h vy (1 - s++ h&jr2 sin2 8 
r3 

W-1) 

Of course, equation V-l satisfies the boundary condition of 
zero velocity at the surface of the.sphere, r=R. 

The stream function for the flow resulting from the trans- 
lation of a sphere through an infinite liquid can be obtained 
from equation V-l by superposing a negative uniform flow, -TTY, 
on the liquid. By so doing, one obtains from equation V-l 

9dr,e) = z Vy Rr (1 - 2) sin2 8 
3r2 

(v-2) 

The boundary condition satisfied by equation V-2 is that the 
velocity of the liquid at the surface of the sphere, r=R, be. 
equal to the spherical surface velocity. 

It is convenient to modify the solution for $, In equation 
V-2, to describe the creeping flow of the liquid associated 
with a translating and expanding spherical boundary. The 
boundary condition for the velocity of the liquid at the sur- 
face of an expanding and translating spherical boundary, to 
be satisfied by such a modified stream function, has been 
previously given as (see Section 3.2.2, equation 3.2) 

v 
I 

= $$ + vy cos e) F - vy sin 8 Fe (v-3) 
r=R 

Equation V-2 has been modified to the following form in order 
to satisfy the aforementioned boundary condition for an expand- 
ing and translating spherical boundary. 

@r,8) = f VyRr (1 - @) R2 COS 8 fv-4) 

It can be readily verified that equation V-4 satisfies the 
boundary condition, equation V-3, at I~R and, moreover, is a 
solution of the equations of continuity and motion (neglecting 
the inertia terms). Equation V-4, therefore, describes the 
creeping motion of an infinite viscous liquid arising from the 
motion of an expanding and translating spherical boundary 
therein. In the subject analysis, the velocity of translation, 
J&;li;e radial growth rate, dR/dt, and the spherical boundary 

R, are functions of time as determined by a simultaneous 
solutihn of the conservation equations. (see Section 3.3.1) 
Consequently, equation V-4 represents the instantaneous stream 
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function in terms of the time dependent values of V dR/dt, 
and R. The approximatton of \zr on the basis of inst&taneous 
values of time varying parameters is of the same order as that 
initially neglecting the influence of the Inertia terms. 

Equation V-4 can be employed to evaluate the rate of work 
done by the spherical boundary against viscous forces by con- 
sidering the tangential shear stress in the liquid at the 
spherical boundary, EZR. Since the velocity components are 
given by 

v, = 1 a 
r2 sin 8 3 ; Ve = - r s:n e g 

and the tangential shear stress is given as 

(v-5) 

(v-6) 

one can readily show, by means of equations V-4, V-5 and V-6, 
that 

V 
(7 1 re r=R =&l$ sin 8 

The rate at 
the viscous 
Integral: 

(aw, d-b P 

m-71 

which the entire spherical boundary does work against 
shear forces can be obtained from the following 

= IS (7 1 re r=R 've)r,R d A (v-8) 
spherical 
boundary 

Rnploying equations V-4, V-5, V-7, and V-8, the following ex- 
pression for the viscous work rate is obtained. 

law) dt ,, = n p ‘; R [2/3 - COS 8' + + COS3 e*] (v-9) 

That expression is employed in Section 3.3.1 for evaluating the 
viscous work rate in the energy balance equation. 

The expression for the stream function, equation V-4, can 
also be employed for determining the effect of the viscosity 
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of the liquid upon the pressure of the gas within the expardng 
and translating spherical boundary. The principal stress in the 
radial direction, for an incompressible liquid, is given by 

ur = 
av, 

-P'+2c( a (IT-101 

Where p' Is the mean of the negative of the three principal 
stresses. Care should be taken not to identify the pressure of 
the gas within the spherical boundary with p,, which exists 
in the liquid, but rather to identify it with the negative of 
the radial principal stress, -or (54). 

From equations V-4, V-5, and V-10, one obtains, at r=R, 

or=-p'- q$g cv-11) 

Therefore, identifying the pressure of the gas within the 
spherical boundary, p, with -or, the increase in the pressure 
of the gas within the spherical boundary due to the viscosity 
of the liquid is, from equation V-11, given as 

P - P' = 0~~ = 4 # g 

That expression is employed in Section 3.3.1 in the equa- 
tion of motion for an approximate evaluation of the influence 
of the viscosity of the liquid upon the pressure of the gas 
within the expanding and translating spherical boundary. 

APPENDIX VI 

GEOMETRICAL RELATIONSHIPS 

The instantaneous volume and surface area of the idealized 
bubble, as illustrated previously in Fig. 41, can be readily 
determined in terms of the Instantaneous 
radius, R, and the limiting angle, 0'. 

The volume of the bubble, a portion 
by the integral 

V = 
* 

I” I 
R 

ea r=O 

+ 

s 

2n 
r' 

Q=o 
u 

s e=e* 

values for the bubble 

of a sphere, is given 

dr d<p 

sin 8 de dr dQ 
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which when evaluated gives 

v 3 
=a 

IP Cl - cos e* - g cos 8 * sin* e* 1 (VI-11 

Similarily, the surface area of the bubble is given as 
e* 2s 

A= I I Ra sin 8 de dcp 
e=o cp=o 

which when evaluated gives 

A= 2n R* ti - CO9 e*) (VI-2) 

The expressions for V and A In terms of the dimensionless 
variable S introduced in Section 3.3.2 where 

s :: =-- 
0 

and therefore 

sin e* = & ; cos e* = - ; (e-77/2) 

Equations VI-1 and VI-2 then become 

A = t2m R;' S" [l + c$] 

t ~1-3) 

(VI-41 



APPENDIX VII 

LIKIT OF INDETERMINANT FORK3 

In the evaluation of the derivatives dU/dT de/d? and 
dP/dr at 7 - 0, by the substitution of the iniiial conditions 
3.28, into eqiatlons 3.24, 3.25, and 3.26, several terms involvl 
lng the ratio U/J= are indeterminant due to the initial con- 
ditions on S and U. The limit 

(VII-1) 

can be evaluated by a consideration of the continuity equation 
3.13. At t=O, 

CW . vc d% 
dt t=O = 'i - -r- (-1 dt t=O 

C 
(VII-21 

The continuity equation can also be written in terms of the 
gas density and volumetric flow rate entering the bubble. Thus, 

@) av) PO 
dt t=O = 'pg dt t=O = - (avl 

H To dt t=O (VII-3) 

By differentiating with respect to time equation VI-~, 
Appendix VI, 
that as t - 0 

for the volume of the bubble, it can be easily shown 

(VII-41 

Combining equations VII-2, VII-3, and VII-4, one obtains 

which readily simplifies to the desired limit 



lim u = 2 =- 
Sdl J?F3- s 
wo - 

l- vc d% f-1 
H T, dt o 

I I (VII-5) 

All terms of the form U/$-were replaced by 2 in the evalua- 
tion of the starting values of the derivatives (equations 3.24, 
3.25, and 3.26) at 7 = 0. 

In order to completely evaluate dU/dT, equation 3.24, at 
7~0, it was also necessary to consider separately the limit of 
the terms 

(VII-61 

The aforementioned terms resulted from the non-dimensionaliza- 
tion of the last term in equation 3.7. Thus, for the dimensional 
and non-dimensional forms of that term there Is the identity 

?3V P 
lim t+o+ -& R $ (1 + cos e*) = lim + 0 P c Y, 

7+0 
S-+1 
u+o (VII-?) 

The limit Z, can be evaluated by considering the continuity 
equation in the form 

fdm) dt t=O = (pg Ao Vo)t=o (VII-8) 

where 

A0 = orifice cross-sectional area 

v. = mean velocity of the gas crossing the orifice plane 

At t=O, the bubble is a hemisphere with its center, the origin 
of the coordinate system, in the orifice plane. If it is assumed 
that the density of the gas entering the bubble at t=O is con- 
stant, then tVo)t-O is equal to the velocity of translation at 
the start, (V d =o: Therefore, from equation VII-8 

‘gqt o = lav,) 

= at t=o = 'A 'gc)t=o (VII-g) 

177 



Fntroducing equation 3.13 Into equation VII-g, considering that 
Wi Is constant, one obtains 

If To Vc WC 
=so ET c -t- c dt2 LO 1 (VII-10) 

From equations VII-7 and VII-lo, it follows that the limit Z, 
is given as 

Z, =llm 
‘R. -I2 d2pc 

S+l c PO 
G, ( ---I & t=O 

Equation VII-11 was employed to complete the evaluation of dU/dr, 
equation 3.24, at ~0 In Section 3.3.3. 
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